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Abstract. We elucidate the key role played by formality in the theory of characteristic 
and resonance varieties. We define relative characteristic and resonance varieties, 14 and 
Rk, related to twisted group cohomology with coefficients of arbitrary rank. We show 
that the germs at the origin of Vk and Rk are analytically isomorphic, if the group is 
1-formal; in particular, the tangent cone to Vk at 1 equals Rk- These new obstructions 
to 1-formality lead to a striking rationality property of the usual resonance varieties. 
A detailed analysis of the irreducible components of the tangent cone at 1 to the first 
characteristic variety yields powerful obstructions to realizing a finitely presented group 
as the fundamental group of a smooth, complex quasi-projective algebraic variety. This 
sheds new light on a classical problem of J. -P. Serre. Applications to arrangements, 
configuration spaces, coproducts of groups, and Artin groups are given. 
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1. Introduction 

A recurring theme in algebraic topology and geometry is the extent to which the coho- 
mology of a space reflects the underlying topological or geometric properties of that space. 
In this paper, we focus on the degree-one cohomology jumping loci of the fundamental 
group G of a connected CW-complex M: the characteristic varieties Vk{G), the resonance 
varieties TZk{G), as well as relative versions of both. Our goal is to relate these two sets 
of varieties, and to better understand their structural properties, under certain naturally 
defined conditions on M. In turn, this analysis yields new and powerful obstructions for 
a finitely generated group G to be 1-formal, or realizable as the fundamental group of a 
smooth, complex quasi-projective variety. 

1.1. Characteristic varieties. Let M be a connected CW-complex with finite 1-skeleton, 
and fundamental group G = 7ri(M). Let /?: B — GL(y) be a rational representation of 
the linear algebraic group B. The relative characteristic varieties associated to these data 
are the jump loci for twisted cohomology of M with coefficients in V, 

(1.1) Vi{M,p) = {p' G Homgroups(G,B) | dime H\M, pp,V) > k}, 

where pp^V is the G-module defined by the representation pop': G ^ GL(F). As long as 
the r-skeleton of M is finite, the sets V|,(M, p) are Zariski closed subsets of the represen- 
tation variety IIom(G,B), for all i < r and k>\. 

The usual characteristic varieties, denoted by V^(Af), correspond to the case when 
B = GLi(C) = C* and p = idi. These varieties emerged from the work of S. Novikov [61] 
on Morse theory for closed 1-forms on manifolds. Foundational results on the structure of 
the cohomology support loci for local systems on quasi-projective algebraic varieties were 
obtained by Beauville [5, 6], Green and Lazarsfeld [34], Simpson [72, 73], Arapura [3], and 
Campana [11]. 

Representation varieties have been intensively studied; see for instance [33, 41] and the 
references therein. It seems natural to begin a systematic investigation of their filtration 
by relative characteristic varieties. We consider here only the jump loci in degree i = 1.^ 
These loci depend solely on G = 7ri(M), so we write them as Vk{G,p) = Vl{M,p). 
We work with arbitrary representations p, since this general approach provides a clearer 
conceptual framework for our results. Moreover, as we note in Example 3.2, the relative 
characteristic varieties may well contain more information than the usual ones. When 
it comes to applications, though, we concentrate exclusively on the varieties Vk{G) = 
Vfc(G, idc*), sitting inside the character variety = Hom(G, C*). 

1.2. Resonance varieties. Keeping the notation from above, let b the Lie algebra of B, 
and let 9 = di{p):h ^ flK^) be the induced representation on tangent spaces. Denote 
by y xig b the corresponding semidirect product, with Lie algebra structure defined by 
[{u,g),{v,h)] = {6{g){v) - 6{h){u),[g,h]). Let H'M = H'{M,C) be the cohomology ring 
of M, and consider the graded Lie algebra 

(1.2) H'M ®{V >ieb), 



The higher degree cohomology jumping loci will be treated in a forthcoming paper. 
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with Lie bracket given by [a (8) y, 6 = a6 (8) [y-,z\. Note that the Lie identities are 
satisfied for (1.2) only in the graded sense, according to the Koszul sign conventions; in 
particular, the Lie bracket is symmetric on degree one elements. 

Now let X be an element in H^M^b with the property that [rr, rr] = G H'^M<^{V yigb). 
As we show in §3.12, the restriction of the adjoint operator ad^^^ to the graded Lie ideal 
H'M (g) V yields a cochain complex, called the relative Aomoto complex of H*M with 
respect to x, 

ad 

(1.3) {H'M ®V,ad^) : ^ H'M (^V H'+^M ®V 

The relative resonance varieties of M, associated to the representation 9: b ^ qK^)^ ^^'^ 
the jumping loci for the homology of this cochain complex: 

(1.4) 7e|(Af, 9) = {x £ HH'I ^b\[x,x]=0 and dime H\H'M (g) V, ad^) > k}. 

The loci 7e^(M, 6) depend only on G = 7ri(M), so we write them as TZk{G, 9). It is readily 
seen that TZk{G, 9) is a homogeneous algebraic subvariety of the affine space H^{G, C) (g b, 
for each A; > 1. 

As mentioned before, we are mainly interested here in the case when b = C = 5[i(C) 
and 9 = idt,. Then, as we show in Lemma 3.15, every element z G H^M ^ H^M b 
satisfies [z,z] = 0, and (1.3) becomes the usual Aomoto complex, {H'M, fi^), where /i^ 
denotes left-multiplication by z. Consequently, the relative resonance varieties TZ\{M, idc) 
coincide with the usual resonance varieties TZ\ (M) , first defined by Falk [3U] in the context 
of complex hyperplane arrangements, and further analyzed in [16, 55, 49, 31]. In the 
applications, we will focus on the varieties TZk{G) := TZk{G,idc), sitting inside the affine 
space H\G,C). 

1.3. The tangent cone theorem. The key topological property that allows us to relate 
the characteristic and resonance varieties of a space M is formality, in the sense of D. Sul- 
livan [74]. Since we deal solely with the fundamental group G = ■ki{M), we only need G 
to be 1-formal. This property requires that Eq, the Malcev Lie algebra of G (over C), 
be isomorphic, as a filtered Lie algebra, to the holonomy Lie algebra S){G) = h/{imdG), 
completed with respect to bracket length filtration. Here L denotes the free Lie algebra 
on Hi{G, C), while do denotes the comultiplication map H2{G, C) /\^ Hi{G, C). 

A group G is 1-formal if and only if Eq can be presented with quadratic relations 
only; see Section 2 for details. Many interesting groups fall in this class: knot groups 
[74], certain pure braid groups of Riemann surfaces [9, 37], pure welded braid groups [7], 
fundamental groups of compact Kahler manifolds [18], fundamental groups of complements 
of hypersurfaces in CP*^ [42], and finitely generated Artin groups [41] are all 1-formal. 

Our starting point is a result of Kapovich-Millson [41], establishing an analytic isomor- 
phism of germs of representation varieties, 

(1.5) (HomLic(^l(G), b),0) ^ (Homg,oups(G',]B), 1) , 

valid for all finitely generated, 1-formal groups G. As we note in Lemma 3.13, the rep- 
resentation space HomLie(io(G), b) is naturally identified with the quadratic cone {x G 
H^G (i^b \ [x,x] = 0}. Our first main result reads as follows. 
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Theorem A. Let G be a finitely generated, 1-formal group, and let p: M ^ GL(y) be a 
rational representation of a linear algebraic group, with differential 9: b ^ flK^)- Then, 
for each k > 1, 

(1) The isomorphism (1.5) induces an analytic isomorphism of germs, 

(7^fc(G,0),O) ^(Vfc(G,/5),l). 

(2) This in turn induces an isomorphism between the tangent cone variety at the origin, 
TCi{Vk{G, p)), and the resonance variety TZk{G, 9). 

(3) When B = C* and p = ids, the isomorphism (1.5) is induced by the usual expo- 
nential map, exp: Hom(G, C) — Hom(G, C*). 

Theorem A sharpens and extends several resuhs from [29, 70, 16], which only apply to 
the case when G is the fundamental group of the complement of a complex hyperplane 
arrangement. (Further information in the case of hypersurface arrangements can be found 
in [47, 22].) The point is that only a topological property — namely, 1-formality — is needed 
for the conclusion of Theorem A to hold. A similar approach (in terms of the relative 
Malcev completion, in the sense of Hain [36]) was used by Narkawicz [60] in the case of 
hyperplane arrangements. 

For an arbitrary finitely presented group G, the tangent cone to Vk{G) at the origin is 
contained in TZk{G), see Libgober [48]. Yet the inclusion may well be strict. In fact, as 
noted in Example 7.5 and Remark 10.3, the tangent cone formula from Theorem A fails 
even for fundamental groups of smooth, quasi-projective varieties. 

Theorem A provides a new, and quite powerful obstruction to 1-formality of groups — 
and thus, to formality of spaces. As illustrated in Example 8.2, this obstruction com- 
plements, and in some cases strengthens, classical obstructions to (1-) formality, due to 
Sullivan, such as the existence of an isomorphism gr(G) (g) C = S^{G). 

1.4. Further obstructions to 1-formality. As a first application of Theorem A, we 
obtain the following result. 

Theorem B. Let G be a finitely generated, 1-formal group. Then: 

(1) All irreducible components oflZk{G) are linear sub spaces ofH^{G,C), defined over 
Q. 

(2) All irreducible components ofVk{G) containing 1 are connected subtori of the char- 
acter variety = Hom(G, C*). 

(3) Let {V^}a be the irreducible components ofVk{G) containing 1. Then their tangent 
spaces at the identity, {Ti{V'^)}a, are the irreducible components oflZk{G). 

The subtle linearity and rationality properties from (1) above reveal a striking phenome- 
non in non-simply connected rational homotopy theory: the existence of finite-dimensional, 
graded-commutative Q-algebras, which are not realizable as cohomology rings of finite, 
formal CW-complexes; see Example 4.6. (By [74], this cannot happen in the 1-connected 
case.) 

The Alexander invariant, Bq = G' /G", viewed as a module over the group ring ZGab, 
is a classical object, extensively studied. In Theorem 5.6, we give an explicit description 
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of the /-adic completion of Bq (8) Q, involving only the rational holonomy Lie algebra of 
G. This description is valid for an arbitrary finitely generated, 1-formal group G. 

1.5. Serre's question. As is well-known, every finitely presented group G is the fun- 
damental group of a smooth, compact, connected 4-dimensional manifold M. Requiring 
a complex structure on M is no more restrictive, as long as one is willing to go up in 
dimension; see Taubes [75]. Requiring that M be a compact Kahler manifold, though, 
puts extremely strong restrictions on what G = tti{M) can be. We refer to [2] for a 
comprehensive survey of Kahler groups. 

J. -P. Serre asked the following question: which finitely presented groups can be realized 
as fundamental groups of smooth, connected, quasi-projective, complex algebraic varieties? 
Following Catanese [1-3], we shall call a group G arising in this fashion a quasi-projective 
group. 

In this context, one may also consider the larger class of quasi-compact Kahler mani- 
folds, of the form M = M \ D, where M is compact Kahler and D is a normal crossing 
divisor. If G = 7ri(M) with M as above, we say G is a quasi-Kdhler group. 

The first obstruction to quasi-projectivity was given by J. Morgan: If G is a quasi- 
projective group, then Eq = L/J, where L is a free Lie algebra with generators in degrees 
1 and 2, and J is a closed Lie ideal, generated in degrees 2, 3 and 4; see [59, Corol- 
lary 10.3]. By refining Morgan's techniques, Kapovich and Millson obtained analogous 
quasi- homogeneity restrictions, on certain singularities of representation varieties of G 
into reductive algebraic Lie groups; see [41, Theorem 1.13]. Another obstruction is due to 
Arapura: If G is quasi-Kahler, then the characteristic variety Vi(G) is a union of (possibly 
translated) subtori of T^; see [3, p. 564]. 

If the group G is 1-formal, then Eq = L/J, with L generated in degree 1 and J 
generated in degree 2; thus, G verifies Morgan's test. It is therefore natural to explore the 
relationship between 1-formality and quasi-projectivity. (In contrast with the Kahler case, 
it is known from [59, 41] that these two properties are independent.) Another motivation 
for our investigation comes from the study of fundamental groups of complements of plane 
algebraic curves. This class of 1-formal, quasi-projective groups contains, among others, 
the celebrated Stallings group; see [67]. 

1.6. Position and resonance obstructions. Our main contribution to Serre's problem 
is Theorem C below, which provides a new type of restriction on fundamental groups of 
smooth, quasi-projective complex algebraic varieties. In the presence of 1-formality, this 
restriction is expressed entirely in terms of a classical invariant, namely the cup-product 
mapUc: H\G,C) ^ H^{G,C)- 

Theorem C. Let M be a connected, quasi-compact Kahler manifold. Set G = 7ri(M) and 
let {V"} be the irreducible components o/ Vi(G) containing 1. Denote by T" the tangent 
space at 1 ofV". Then the following hold. 

(1) Every positive-dimensional tangent space is a p-isotropic linear subspace of 
H^{G, C), of dimension at least 2p + 2, for some p = p{a) S {0, 1}. 

(2) If a ^13, then T'' f^Tf^ = {0}. 
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Assume further that G is 1-formal. Let {TZ"} be the irreducible components ofTZi{G). 
Then the following hold. 

(3) The collection {T"} coincides with the collection {7?."}. 

(4) For I < k < bi{G), we have TZk{G) = {0} U IJ^T^", where the union is over all 
components TZ°' such that dim 7^" > k + p(a). 

(5) The group G has a free quotient of rank at least 2 if and only if TZi{G) strictly 
contains {0}. 

Here, we say that a non-zero subspace V C H^{G,C) is 0- (respectively, 1-) isotropic 
if the restriction of the cup-product map, Ug: A ^ ~^ ^ciA is equivalent to 
Uc: H^{G,C) ^ H'^{C,C), where C is a non-compact (respectively, compact) smooth, 
connected complex curve. See 6.5 for a more precise definition. The relation between The- 
orem C and the isotropic subspace theorems of Bauer [4] and Catanese [12] is discussed 
in detail in [21]. 

In this paper, we consider only components of Vi(G) containing the origin. For a 
detailed analysis of translated components, we refer to [20] and [25]. 

Theorem C is derived from basic results of Arapura [3] on quasi-Kahler groups, plus 
our Theorem B, in the 1-formal case. Part (2) is a novel viewpoint, further pursued in 
[25] to obtain a completely new type of obstruction to quasi-projectivity. Part (3) follows 
from 1-formality alone, cf. Theorem B(3). As shown in Examples 6.18 and 8.1, the other 
four properties from Theorem C require in an essential way the quasi-Kahler hypothesis. 

For an arrangement complement M , Parts (2) and (4) of the above theorem were proved 
by Libgober and Yuzvinsky in [49], using completely different methods. 

The "position" obstructions (1) and (2) in Theorem C can be viewed as a much strength- 
ened form of Arapura's theorem: they give information on how the components of Vi{G) 
passing through the origin intersect at that point, and how their tangent spaces at 1 are 
situated with respect to the cup-product map Ug- 

We may also view conditions (l)-(5) as a set of "resonance" obstructions for a 1-formal 
group to be quasi-Kahler, or for a quasi-Kahler group to be 1-formal. Since the class of 
homotopy types of compact Kahler manifolds is strictly larger than the class of homotopy 
types of smooth projective varieties (see Voisin [77]), one may wonder whether the class 
of quasi-Kahler groups is also strictly larger than the class of quasi-projective groups. 

1.7. Applications. In the last four sections, we illustrate the efficiency of our obstructions 
to 1-formality and quasi-Kahlerianity with several classes of examples. 

In Section 9, we consider wedges and products of spaces. Our analysis of resonance va- 
rieties of wedges, together with Theorem C, shows that 1-formality and quasi-Kahlerianity 
behave quite differently with respect to the coproduct operation for groups. Indeed, if Gi 
and G2 are 1-formal, then Gi *G2 is also 1-formal; but, if in addition both factors are non- 
trivial, presented by commutator relators only, and one of them is non-free, then Gi * G2 
is not quasi-Kahler. As a consequence of the position obstruction from Theorem C(l), we 
also show that the quasi-Kahlerianity of Gi * G2, where the groups Gi are assumed only 
finitely presented with infinite abelianization, implies the vanishing of Ud and Ugj. 
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When it comes to resonance varieties, real subspace arrangements offer a stark contrast 
to complex hyperplane arrangements, cf. [55, 56]. If M is the complement of an arrange- 
ment of transverse planes through the origin of R^, then G = tti{M) passes Sullivan's 
gr-test. Yet, as we note in Section 8, the group G may fail the tangent cone formula from 
Theorem A, and thus be non-l-formal; or, G may be 1-formal, but fail tests (1), (2), (4) 
from Theorem C, and thus be non-quasi-Kahler. 

In Section 10, we apply our techniques to the configuration spaces Mg^n of n ordered 
points on a closed Riemann surface of genus g. Clearly, the surface pure braid groups 
Pg,n = 7i"i(-^g,n) are quasi-projectivc. On the other hand, if n > 3, the variety 7^i(Pi^„) 
is irreducible and non-linear. Theorem C(3) shows that is not 1-formal, thereby 
verifying a statement of Bezrukavnikov [9] . 

We conclude in Section 11 with a study of Artin groups associated to finite, labeled 
graphs, from the perspective of their cohomology jumping loci. As shown in [11], all Artin 
groups are 1-formal; thus, they satisfy Morgan's homogeneity test. Moreover, as we show 
in Proposition 11.5 (building on work from [66]), the first characteristic varieties of right- 
angled Artin groups are unions of coordinate subtori; thus, all such groups pass Arapura's 
Vi-test. 

In [41, Theorem 1.1], Kapovich and Millson establish, by a fairly involved argument, 
the existence of infinitely many Artin groups that are not realizable by smooth, quasi- 
projective varieties. Using the isotropicity obstruction from Theorem C(l), we show that 
a right-angled Artin group Gr is quasi-Kahler if and only if T is a complete, multi-partite 
graph, in which case Gr is actually quasi-projective. This result provides a complete — and 
quite satisfying — answer to Serre's problem within this class of groups. In the process, we 
take a first step towards solving the problem for all Artin groups, by answering it at the 
level of associated Malcev Lie algebras. We also determine precisely which right-angled 
Artin groups are Kahler. 

The approach to Serre's problem taken in this paper — based on the obstructions from 
Theorem C — has led to complete answers for several other classes of groups: 

• In [24], we classify the quasi-Kahler groups within the class of groups introduced 
by Bestvina and Brady in [S]. 

• In [25], we determine precisely which fundamental groups of boundary manifolds 
of line arrangements in CP^ are quasi-projective groups. 

• In [27], we decide which 3-manifold groups are Kahler groups, thus answering a 
question raised by S. Donaldson and W. Goldman in 1989. 

• In [64], we show that the fundamental groups of a certain natural class of graph 
links in Z-homology spheres are quasi-projective if and only if the corresponding 
links are Seifert links. 

The computations from Section 11.4 have been pursued in [68], leading to a complete 
description of the characteristic varieties, in all degrees, for toric complexes associated to 
arbitrary finite simplicial complexes. 

The obstructions from Theorem C are complemented by new methods of constructing 
interesting (quasi-)projective groups. These methods, developed in [21] and [26], lead to 
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a negative answer to the following question posed by J. Kollar in [ !•!]: Is every projective 
group commensurable (up to finite kernels) with a group admitting a quasi-projective 
variety as classifying space? 

2. HoLONOMY Lie algebra, Malcev completion, and 1-formality 

Given a group G, there are several Lie algebras attached to it: the associated graded 
Lie algebra gr*(G), the holonomy Lie algebra Sj{G), and the Malcev Lie algebra Eq. In 
this section, we review the constructions of these Lie algebras, and the related notion of 
1-formality, which will be crucial in what follows. We conclude with some relevant facts 
from the deformation theory of representations. 

2.1. Holonomy Lie algebras. We start by recalling the definition of the holonomy Lie 
algebra, due to K.-T. Chen [1-5]. 

Let M be a connected CW-complex. Let k be a field of characteristic 0. Denote by 
L*(i7iM) the free Lie algebra on HiM = Hi{M, k), graded by bracket length, and use the 
Lie bracket to identify HiM A HiM with lJ{HiM). Write (U) for the Lie ideal spanned 
by a subset U C h*{HiM). Set 

(2.1) f)*{M) := h*{HiM)/{im{dM : H2M ^ h'^{HiM))), 

where Om is induced by the homology diagonal, H2M — > H2{M x M), via the Kiinneth 
decomposition. When M has finite 1-skeleton, the dual of Bm is the cup-product map 
Um: -fr^(M,k) A H'^{M,Wj H'^{M,k). Note that S3{M) is a quadratic Lie algebra, in 
that it has a presentation with generators in degree 1 and relations in degree 2 only. We 
call Sj{M) the holonomy Lie algebra of M (over the field k). 

Now let G be a group, with Eilenberg-MacLane space K(G, 1). Define 

(2.2) ^(G) :=^(K(G,1)). 

If M is a CW-complex with G = 7ri(M), and if /: M ^ K{G, 1) is a classifying map, 
then / induces an isomorphism on Hi and an epimorphism on H2. This implies that 

(2.3) ^(G)=iD(M). 

2.2. Malcev Lie algebras. Next, we recall some useful facts about the functorial Malcev 
completion of a group, following Quillen [(iO, Appendix A]. 

A Malcev Lie algebra is a k-Lie algebra E, endowed with a decreasing, complete filtration 

E = FiE D • • • D FgE D Fg+iE D ■■■ , 

by k-vector subspaces satisfying [FrE, FsE] C Fr+gE for all r,s > 1, and with the property 
that the associated graded Lie algebra, gr^(£') = ^^^^ FqE/Fg+iE, is generated by 
gVp(E). By completeness of the filtration, the Campbell-Hausdorff formula from local Lie 
theory 

(2.4) e • / = e + / + i[e, /] + ^([e, [e, /]] + [/, [/, e]]) + • • • 

endows the underlying set of E with a group structure, denoted by exp(£'). Clearly, exp{E) 
is a uniquely divisible group. 
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The lower central series of a Lie algebra L is defined inductively by TiL = L and 
Fq+iL = [LjFgL]. If L is nilpotent, the lower central series filtration gives a canonical 
Malcev Lie structure on L. 

For a group G, denote by ^{G) the completion of the holonomy Lie algebra with respect 
to the degree filtration. It is readily checked that io(G), together with the canonical 
filtration of the completion, is a Malcev Lie algebra with gr^(i5(G)) = ^*{G). 

In [69], Quillen associates to G, in a functorial way, a Malcev Lie algebra Eg and a group 
homomorphism kg : G — > exp(£^G'). A key property of the Malcev completion {Eq, kq) is 
that kq induces an isomorphism of graded k-Lie algebras 

(2.5) gr*(KG): gr*(G)0lk^gr^(i?G). 

Here, gr*(G) = 0^^^^ F^G/F^+iG is the graded Lie algebra associated to the lower cen- 
tral series, G = FiG D • • • D F^G D Fg+iG D • • • , defined inductively by setting 
Fg+iG = (G, FgG), where {A^B) denotes the subgroup generated by all commutators 
(5, h) = ghg~^h~^ with g ^ A and h G B, and with the Lie bracket on gr*(G) induced by 
the commutator map ( , ) : G x G ^ G. Note that the Lie algebra gr(G) is generated by 
Gah '■= gr^(G), the abelianization of G. 

If is a nilpotent group, En is a nilpotent Lie algebra, and the Malcev filtration 
coincides with the lower central series filtration. Hence, exp(£'7v) is a nilpotent group. 
The Malcev completion kj^: N exp(£'7v) is universal for homomorphisms of N into 
nilpotent, uniquely divisible groups, and has torsion kernel and cokernel. 

2.3. Formal spaces and 1-formal groups. The important notion of formality of a space 
was introduced by D. Sullivan in [/ i]. Let M be a connected CW-complex. Roughly 
speaking, M is formal if the rational cohomology algebra of M determines the rational 
homotopy type of M. Many interesting spaces are formal: compact Kahler manifolds [18], 
homogeneous spaces of compact connected Lie groups with equal ranks [74] ; products and 
wedges of formal spaces are again formal. 

Definition 2.4. A finitely generated group G is 1-formal if its Malcev Lie algebra. Eg, is 
isomorphic to the completion of its holonomy Lie algebra, f){G), as filtered Lie algebras. 

A fundamental result of Sullivan [74] states that 7ri(M) is 1-formal whenever M is 
formal, with finite 1-skeleton. The converse is not true in general, though it holds under 
certain additional assumptions, see [GO]. It is well-known that G is 1-formal if and only 
if Eg is isomorphic to the degree completion of a quadratic Lie algebra, as filtered Lie 
algebras; see for instance [2]. Here are some motivating examples. 

Example 2.5. If M is obtained from a smooth, complex projective variety M by deleting 
a subvariety D G M with codimD > 2, then 7ri(M) = 7ri(M). Hence, 7ri(M) is 1-formal, 
by [18]. 

Example 2.6. Let W"*(i7"*(Af, C)) be the Deligne weight filtration [17] on the cohomology 
with complex coefficients of a connected smooth quasi-projective variety M. It follows from 
a basic result of J. Morgan [59, Corollary 10.3] that 7ri(M) is 1-formal if VFi(F^(M, C)) = 
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0. By [17, Corollary 3.2.17], this vanishing property holds whenever M admits a non- 
singular compactification with trivial first Betti number. As noted in [42], these two facts 
together establish the 1-formality of fundamental groups of complements of projective 
hypersurfaces. 

Example 2.7. If bi{G) = 0, it follows from [69] that Eg = ^{G) = 0, therefore G is 
1-formal. If G is finite, Serre showed in [71] that G is the fundamental group of a smooth 
complex projective variety. 

2.8. Deformation theory of representations. We close this section by recalling from 
Goldman-Millson [3.3] several relevant facts in deformation theory, together with an ap- 
phcation from Kapovich-Millson [41] to 1-formal groups. 

The key point here is the description of the category of germs of C-analytic varieties, 
{X, x), by functors of Artin rings. Let (O, m) denote the complete local ring of {X, x). The 
corresponding functor associates to an Artin local C-algebra {A, m) the set of ^-points, 
Fx,x{A.) = Homioc(0,^), where Homioc denotes local C-algebra morphisms. 

Let H he a C-algebra and L a C-Lie algebra. On the vector space H L, define a 
bracket by 

(2.6) [a ® X, 6 (X) y] = ab^ [x, y], for a,b G H and x,y G L. 

If i7 is a commutative algebra, this functorial construction produces a Lie algebra H 
whereas if H' is graded-commutative, it produces a graded Lie algebra H* ® L (for which 
the Lie identities hold up to the standard sign conventions). 

Now let G be a discrete, finitely generated group, and B a linear algebraic group, with 
Lie algebra b. Denote by Rep(G,]B) the variety of group representations of G into B, and 
by Rep(^(G), b) the variety of Lie algebra homomorphisms from ^{G) to b. 

Denote by {X,x) the analytic germ of Rep(G,B) at the trivial representation 1, and by 
F = Fx,x the corresponding functor. Given an Artin ring {A,m), the Lie algebra miS) b is 
nilpotent, since m'^ = for q ^ 0. It follows from [33, Theorem 4.3] that 

(2.7) F{A) = Homgroups(G, exp(m b)). 

Using this description, together with the universality property of the Malcev completion, 
Kapovich and Millson obtained in [41, Theorem 17.1] the following result. 

Theorem 2.9 ([ \ I]). // the group G is 1-formal, there is an analytic isomorphism, 

(Rep(^(G),b),0) ^ (Rep(G,B),l), 

natural in B. 

Remark 2.10. Suppose B is abelian, in which case b is also abelian. For a finitely 
generated group G, denote by Gabf = Gab/ Tors(Gab) its maximal torsion- free abelian 
quotient, and by n = rank(Gabf) its first Betti number. We then have natural analytic 
isomorphisms, 

(Rep(G,B), 1) ^ (Rep(Gabf,B), 1) ^ (B, 1)", 
(Rep(.^(G),b),0) ^ (Rep(.^(Gabf),b),0) ^ (b,0)". 
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It follows that the analytic isomorphism from Theorem 2.9 is induced by the local isomor- 
phism exp: (b,0) ^ (B,!). When B = GLi(C) = C*, the map exp: (C,0) ^ (C*,l) is 
just the usual exponential. 

Remark 2.11. When B = GLr(C), the usual matrix exponential, exp: m (8) 0l,.(C) — >■ 
GLr{A), induces a group isomorphism, 

(2.8) exp: exp(m (g) 0lr(C)) 1 + m (g) glr(C), 

where the right-hand side denotes the subgroup of GL,.(yl) consisting of matrices of the 
form id +X, with all entries of X belonging to m. 

3. Germs of cohomology jump loci 
In this section we prove Theorem A from the Introduction. 

3.1. Relative characteristic and resonance varieties. Let M be a connected CW- 
complex with finite 1-skeleton. Set G = tti{M). Let B be a complex linear algebraic 
group, and fix a rational representation, p: B — > GL(y), where ^ is a complex vector 
space. Denote hy 9: b flK^) the morphism of Lie algebras induced by p on tangent 
spaces. Recall the relative characteristic varieties V^(M, p) defined in (1.1), and set 

(3.1) Vl{G,p):=Vl{K{G,l),p). 

By considering a classifying map M —>■ K{G, 1), it is readily seen that V^(M, p) = Vl{G, p). 

In general, the (germs of) relative characteristic varieties contain more information 
than the usual characteristic varieties, V^(G) = V^.(G, idc*). For instance, if G is a finitely 
generated nilpotent group, then V\{G) depends only on k and the usual Betti number 
bi{G); see [50]. On the other hand, Vl{G,p) may depend on more subtle data. We 
illustrate this point — and the usefulness of the relative characteristic varieties — with a 
simple example, involving nilpotent groups. 

Example 3.2. Let G = {xi,X2 \ {{xi, X2), xi), {{xi, X2), X2)) be the Heisenberg group, 
with abelianization Gab = It is readily seen that V^(G) = V^(Z^): both are equal to 
{1} if A; < 2, and are empty otherwise. 

Now let p:M = SL(2,C) ^ GL(2,C) be the inclusion map. It is not difficult to check 
that both (reduced) germs, (Rep(G,B), 1) and (Rep(Z^,B), 1), are isomorphic to the germ 
at of the variety of commuting pairs of matrices from b = sl(2, C); see [33, p. 89]. 

Direct computation shows that V^{1i'^,p) = {1}. On the other hand, consider the 
embedding l: (C^,0) ^ (Rep(G,B), 1), which, under the above isomorphism, sends {u,v) 
to the pair (([)o)'(oo)) ^ Another direct computation (compare with [1]) shows 
that i{{C^O)) C (Vi(G,p),l). Hence, (Vi(G,p),l) ^ {Vl{Z^p),l). 

Now let ^ be a complex, finitely generated Lie algebra, and let 0: b — > 0[(V^) be a 
complex, finite-dimensional representation of a complex, finite-dimensional Lie algebra b. 
Define the relative resonance varieties of Sj (with respect to 6) by 

(3.2) K{^,9) = {9' G Rep{^,b) \ dime H\S),ee'V) > k}, 
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where Lie algebra cohomology is taken by viewing y as a left i^-module via 99' . For 
each i, we have a descending filtration {TZ\{S),9)}k>o on Rep(i5,b). Note that the sets 
7lk{Sj,9) := 7^^(i5,0) are closed subvarieties of Rep(iD,b). As we shall see in Corollary 
3.18, S) = S){G) is the holonomy Lie algebra of G, then 7lk{Sd, 9) = TZk{G, 9). 

As before, write TZk{S)) := 7^^(i3, idg(^(c))- If = ^{G), this is a subvariety of 
Repi^,gk{C)) = H\GX). 

3.3. Low- dimensional cohomology and representations. We first recall some stan- 
dard facts from [iiy, Chapters VI and VII]. 

Let G be a finitely generated group and p: B ^ GL(y) a rational representation. De- 
note by Z^(G, ■) the i-cocycles for group cohomology, for i = 0,1. Consider the semidirect 
product of groups V yipM, and the morphism of varieties 

p: Rep(G,y XpB) ^ Rep(G,B) 

induced by the canonical projection, F Xp B ^ B. 

Lemma 3.4. With notation as above, the fiber of p over p' is Z^{G, pp'V). 

Consider the variety 

Repp(G,B) = {{v,p') eV X Rep(G,B) | pp'{g) ■v = v, for ah g € G}, 

and the morphism induced by the second-coordinate projection, 

q: Repp(G,B) ^ Rep(G,B). 

Lemma 3.5. The fiber of q over p' is Z^{G, pp/V). 

Let ^ be a finitely generated Lie algebra and 0: b — > 0t(V^) a representation, with the 
properties described at the end of §3.1. Consider the semidirect product Lie algebra, 

V yiQ b, and the morphism of varieties 

p: Rep(i3, F b) ^ Rep(ij, b) 
induced by the canonical projection, 1/ xgi b — > b. 
Lemma 3.6. The fiber of p over 9' is Z^{Sj,0eiV). 
Now consider the variety 

Repe(i3, b) = {{v,9') eV x Rep(^, b) | 99' {h) • v = 0, for all h G ^}, 
and the morphism induced by the second-coordinate projection, 

q: Repe(i5, b) ^ Rep(io, b). 
Lemma 3.7. The fiber of q over 9' is Z^{?), ^q/V). 

Remark 3.8. If p: B ^ GL(y) is a rational representation, and 9 = di{p): b ^ 0^(^) is 
the induced representation on tangent spaces, then the Lie algebra of the algebraic group 

V XpM is V Xg b; see for instance [iU]. 
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3.9. Beginning of proof of Theorem A. We need one more lemma. 

Lemma 3.10. Let {A,m) be an Artin local algebra. Given v (z A"^ and s € m (8) ^[^(C), 
the following are equivalent: 

(1) exp{s)^ ■ V = V, for some /c G Z \ {0}. 

(2) exp(s) ■ V = V. 

(3) s-v = 0. 

Proof. The impUcations (2)=>(1) and (3)=^(2) are clear. 

Now suppose (2) holds. Then as-v = 0, for some a G 1 + m Cg) ^[^.(C) C GLr{A). Hence, 
(3) holds. 

Finally, (1)^(3) follows from (2)^(3), applied to ks. □ 

Theorem 3.11. Let G be a 1-formal group, and p: B — > Gh{V) a rational representation. 
Set 6 = di{p): b — > 5i{V). Then, for each k > 1, the analytic isomorphism from Theorem 
2. 9 induces an analytic isomorphism of germs, 

(7^fc(i^(G),^),0) ^(Vfc(G,/5),l). 

Proof. Assume in Theorem 2.9 that 9' G Rep(ij(G), b) corresponds to p' G Rep(G,B). We 
need to show that dvcsi£ {G , ppiV) = dime eg/F), for i = 0, 1. For i = 1, this 

follows from Lemmas 3.4 and 3.6, by using the naturality property from Theorem 2.9. 

Denote by Fx the functor of Artin rings corresponding to the germ at (0, 1) of the 
variety Repp(G, B). Set r = dime V. It follows from §2.8 that 

Fx{A) = {{v,p") G m'^'^ X Rep(G,exp(m(g) b)) | {id®9)p"{g) ■v = v,yge G}, 

where id^9: exp(m (8> b) — > exp(m ® qIj.{C)) is the group morphism induced by 9. Recall 
from (2.8) that exp(m (g) ^[^(C)) = 1 + m (8) Qiri'^)- Using Lemma 3.10, the universality 
and torsion properties of the Malcev completion explained in §2.2, and the 1-formality of 
G, we may naturally identify Fx (A) with 

{{v, 9") G m'^'' X Rep(^(G), m b) | (id ®9)9"{h) • w = 0, V/i G io(G)}. 

Plainly, this set coincides with Fy{A)., where Fy is the functor of Artin rings corre- 
sponding to the germ at (0,0) of the variety Repg(^(G), b). By Lemmas 3.5 and 3.7, 
dime Z^{G, ppiV) = dime {S){G) ., qq'V) ., and we are done. □ 

3.12. Resonance and Aomoto complexes. We now relate Lie algebra representations 
to quadratic cones. 

Let M be a connected CW-complex with finite 1-skeleton and fundamental group G = 
7ri(M). Denote by H'M the cohomology ring of M with C coefficients. Given a complex 
Lie algebra L, consider the graded Lie algebra H'M ® L constructed in (2.6). Define the 
associated quadratic cone by 

(3.3) Q(M,L) = {x G F^M(8)L I = 0}. 

Clearly, Q{M,L) depends only on G, so we denote it by Q{G,L). 
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Lemma 3.13. Let G be a finitely generated group. The linear isomorphism between 
Homc(^"'^(G'), L) and H^G L gives a natural identification, 

RevmG),L) ^ Q{G,L). 

Proof. Plainly, Rep(iD(G),L) = {/ G Homc(ifiG,L) | (joA^fodc = 0}, where/?: LAL ^ 
L is the Lie bracket, and do'- H2G HiG is defined in (2.1). The element / is 

naturally identified with x G H^G L. We need to check that 

(3.4) /3o A^o^G = = 0. 

Pick a C-basis {cj} for HiG, and denote by {e*} the dual basis of H^G. Let {y^} 
and {za\ be C-bases for H2G and L. Write x = 'Yliia^t^t ® -^i' where /(e^) = Yla^l^o- 
Also write dciyk) = ^Ylij l^ij^^i ^ ^31 and [za,Zb] = Yjc^lb^c- Note that e* U e*{yk) = 
fi^j. It is now straightforward to check that both conditions from (3.4) are equivalent to 
E^,J,a,b nt'A^lb = 0, for all k and c. □ 

Let : b — > 0t(V^) be a Lie algebra representation over C, with b and V finite-dimensional. 
Tensoring with H'M the split exact sequence defined by the Lie semidirect product V Xigb, 
we obtain a graded vector space decomposition, 

H'M {V X0 b) = {H'M ®V)® {H'M (g) b), 

where H'M ® b is a Lie subalgebra, and H'M (g) y is an abelian Lie ideal. 
For x € Q(M, b) C i^^M (g) (F b), we have = ad[^,^] = 2 ad^. 

Definition 3.14. The relative Aomoto complex of H'M with respect to 9: b — > qI{V) and 
X e Q(M, b) is the subcomplex {H'M (g) ada;) of the cochain complex {H'M (S> {V xig 
b),ad^). 

The reason for this terminology is given by the next Lemma. 

Lemma 3.15. // b = C = 0li(C) and p = idfa, then every element z G H^M = H^M (g) b 
satisfies [z,z] = 0, and the relative Aomoto complex {H'M iSiV, ad zi^i) is identified with 
the usual Aomoto complex, {H'M, pz)- 

Proof. The first assertion follows at once from (2.6), since b is abelian. To check the 
second claim, pick x = z (g 1 G H^M (g) b = H^M, and y (g) 1 G H'M = H'M. Then 

[x, y(g)l] = zy(^ [(0, 1), (1, 0)] = z U y ® 1 G H'+^M (g V, 

since the product is computed in the cohomology ring H'M, and the bracket in the Lie 
semidirect product C Xid C This identifies the relative Aomoto complex {H'M V, adx) 
with the usual Aomoto complex {H'M, pz), and we are done. □ 

Returning now to the general situation, let G be a finitely generated group, and let 
9: b ^ Qi{V) be a Lie algebra representation as above. 

Lemma 3.16. Given 9' G Rep(i3(G), b), we have a natural isomorphism 

H\^{G),ee'V) ^ H\H'G ®V, ad,), 

where x G Q{G, b) corresponds to 9' under the isomorphism from Lemma 3.13. 
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Proof. Denoting by Z and B the respective cocycles and coboundaries, we will prove 
the existence of natural compatible isomorphisms, for both of them. 

For Z^, it follows from Lemmas 3.6 and 3.13 that Z^{S){G), eg/V) is naturally identified 
with {a € H^G® V \ [a + x,a + x] = 0}. Clearly, [a + x, a + x] = if and only if [x, a] = 0, 
which happens precisely when a G Z^{H'G ® V, ad^). 

Under this natural isomorphism, B^{S){G),g0iV) is identified with the image of the 
linear map, d: V ^ Homc(-ffiG, T^), defined by dv{h) = 69'{h) ■ v, for v ^ V and h G 
HiG = ^^G). To finish the proof, we will show that d = ad^. : H^G ®V ^ H^G ® V. 

As in the proof of Lemma 3.13, write x = e* ® bi, with 6j = 9'{ei). Then 

[x,l®v] = Y^ e* [bi,v] = ^ e* (g) e{bi) ■v = '^e*® 66' (ei) ■v = dv, 

i i i 

as claimed. □ 

Remark 3.17. One may generalize Definition 3.14 to an an arbitrary connected, graded- 
commutative C-algebra H*, by setting Q{H' , b) = {x € ®b\ [x, x] = 0}, and proceed- 
ing as above. If H* — > H" is a morphism of graded C-algebras, which is an isomorphism in 
degree • = 1 and a monomorphism for • = 2, then the corresponding quadratic cones are 
identified, as well as the cohomology in degree one of the associated Aomoto complexes. 

Let and be C-vector spaces, with dimc-ff^ < oo, and let /i: A be 
a linear map. Set = C • 1. Associated to these data, there is a connected, graded- 
commutative algebra, H*{fi) := © H^. Define 

nk{n,6) = {xeH^(g)b\[x,x]=0 and dime {H' (n) (g> V, ad^) > k}. 

Then the varieties {TZk{fJ.,6)}k>o depend only on the corestriction of fj, to its image, and 
the representation 6: b ^ sK^)- §3-1, set TZkif^) = T^kifJ'A'^gii^c))- 

Now let M be connected complex with finite 1-skeleton. Note that the degree-2 trun- 
cation of the cohomology ring, H-'^{M,C), is isomorphic to H'{Um)- Thus, the varieties 
T^k{^M,6) coincide with the relative resonance varieties TZl.{M,6) defined in (1.4). 

Corollary 3.18. Let G be a finitely generated group and let 6: b — > be a morphism 

of complex Lie algebras, with b and V finite- dimensional. Then the varieties TZk{$){G),6) 
and TZk{G,6) are naturally isomorphic, for all k >1. 

3.19. End of proof of Theorem A. The first part follows at once from Theorem 3.11 
and Corollary 3.18. 

For basic facts on tangent cones we refer the reader to Whitney's book [78]. By Re- 
mark 3.17, we infer that the isomorphism from Theorem 3.11 induces an isomorphism 
of varieties, TCi{VkiG, p)) = TCo{TZkifJ'G,6)), where fic denotes the corestriction of Ug 
to its image. Note that dime H*{pg) < oo, and the (finite) matrices of the differential 
adx of the Aomoto complex {H*{pg) ® y,^^x) have entries consisting of linear forms. By 
construction, TZk{^^G-,6) is a cone, hence TCo(7^a;(/^G) ^)) — ^A;(mG;^) — T^k{G,0). This 
proves the second part of Theorem A. 

Finally, assume B = GLi(C) = C* and p = id^. As noted in Remark 2.10, the local 
isomorphism (Rep(^(G), C), 0) = (Rep(G, C*), 1) is induced by the usual exponential, 

exp: (Homgi.oups(G'ab,C),0) ^ (Homgi.oups(Gab, C*), 1), 
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which identifies both tangent spaces with H^G = H^{G,C). The proof of Theorem A is 
complete. 

4. 1-FORMALITY AND RATIONALITY PROPERTIES 

In this section, G is a finitely generated group. We deduce from Theorem A two 
remarkable linearity and rationality properties of the resonance varieties TZk{G), in the 
presence of 1-formality. 

4.1. Structure of exponential tangent cones. As usual, let = H'^{GX*) = 
Hom(G, C*) be the character group of G. Consider the exponential homomorphism, 
exp: H^{G,C) —>■ Tq, with image T^, the connected component of the identity 1 € Tg. 

Definition 4.2. For a Zariski closed subset W C Tq, define the exponential tangent cone 
of at 1 by 

Ti(W) = {ze H\G,C) I exp(te) G W, for all t € C}. 

Plainly, ri(VF) depends only on the analytic germ of at 1. It is also easy to check 
that Ti{W) C TCi{W), whence our terminology. The next Lemma is the exponential 
version of a result of Laurent [44, Lemme 3]. 

Lemma 4.3. For any W as above, ti{W) is a finite union of rationally defined linear 
subspaces of H^{G,C). 

Proof. Set n = fei(G). The coordinate ring of the complex torus = (C*)" is the Laurent 
polynomial ring in n variables, CZ" = C[tf\ i^^]. It is enough to verify our claim for 
W = V{f), where / = ^l^es c^t"^ ' • • the support S" C Z" is finite, and Cu + 0, for ah 
u G S. For a fixed z € C", z G ti{W) if and only if the analytic function 

(4.1) ^c„e<"'^>* 

vanishes identically in t. 

In turn, this condition is easy to check, by using the well-known fact that the exponential 
functions e*^^ , . . . , e*^'' are linearly independent, provided yi, . . . ,yr are all distinct. Define 
V to be the set of partitions p = 5i ]J • • • ]J 5^ of S*, having the property that YlueS "^^ ~ ^' 
for i = 1, . . . ,k. For p V, define the rational linear subspace L{p) C C" by 

L{p) = {z G C" I (n - z) = 0, Vu, v G Si, VI < i < k}. 

It is straightforward to check that ti{W) = [Jp^-p L{p), by grouping terms in (4.1). □ 

4.4. Proof of Tiieorem B. Let G be a (finitely generated) 1-formal group. 

Part (1). Theorem A guarantees that ri(Vfc(G)) = lZk{G). By Lemma 4.3, all irre- 
ducible components of TZk{G) are rationally defined linear subspaces of H^{G,C). 

Part (2). Let lZk{G) = Ua-^a the irreducible decomposition from Part (1). Then 
exp(L(j) is a connected subtorus of Tg, for all a, and Ti(exp(La)) = La- Now let {V^}o be 
the irreducible components of Vfc(G) containing 1. By Theorem A, IJa ^fc — Ua^^P(-^a)) 
near 1. Hence, each component V^(G) is a connected subtorus of T^. 
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Part (3). Using again Theorem A, we deduce that 7^fc(G) = TCi{Vk{G)) = Ua^i(Vfc). 
By [40, 13.1], this gives the decomposition into irreducible components of TZk{G). 

4.5. Formal realizability of cohomology rings. Theorem B indicates that the 1- 
formality property of a group imposes severe restrictions on its resonance varieties in 
degree one. 

Example 4.6. Let K be the finite, 2-dimensional CW-complex associated to the following 
group presentation, with commutator-relators: 

G = (X1,X2,X3,X4 I {xi,X2) , {xi,Xi) ■ (x^"^ , X3) , {x^^ , X3) ■ (X2,X4)) . 

The dual of the cup-product, dx ■ H2{K, C) — > /\^ Hi{K, C), is given by 

{dxh = ei A 62 , 
dKf2 = 61 A 64 - 262 A 63, 
dKfs = -ei A 63 + 62 A 64 , 

where {ci} are the 1-cells of K, and {fj} the 2-cells. It follows from (4.2) that TZi{K) = 
TZi{G) is given by the equation xf — 2x\ = 0, where x = (xi, X2, ^3, X4) € are the 
coordinates corresponding to the canonical Q-structure of H^{K, C) = H^{G, C). 

Plainly, the rationality property from Theorem B(l) is violated by the resonance variety 
lZi{G) from the previous example. This leads to the following corollary. 

Corollary 4.7. Let K he the CW-complex defined above. There is no formal CW-complex 
M with finite 1-skeleton such that H-'^{AI,Q) = H-'^(K,Q), as graded rings. 

This corollary is in marked contrast with the following basic result in simply-connected 
rational homotopy theory. 

Theorem 4.8 (Sullivan [7 i]). Let H' be a connected, finite- dimensional, graded-commu- 
tative algebra over Q. If = 0, there is a 1-connected, finite, formal CW-complex M, 
such that ff*(M, Q) = H' , as graded Q-algebras. 

5. Alexander invariants of 1-formal groups 

Our goal in this section is to derive a relation between the Alexander invariant and the 
holonomy Lie algebra of a finitely generated, 1-formal group, over a characteristic zero 
field k. 

5.1. Alexander invariants. Let G be a group. Consider the exact sequence 
(5.1) G'/G" ^ G/G" ^ Gab -0, 

where G' = (G,G), G" = {G',G') and Gab = G/G'. Conjugation in G/G" naturally 
makes G'/G" into a module over the group ring 'LG^y^. Following Fox [32], we call this 
module, 

Bg = G'/G", 

the Alexander invariant of G. If G = 7ri(M), where M is a connected CW-complex, 
one has the following useful topological interpretation for the Alexander invariant. Let 
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M' M he the Galois cover corresponding to G' C G. Then 80^1^ = Hi{M',k), 
and the action of Gab corresponds to the action in homology of the group of covering 
transformations. 

Now assume the group G is finitely generated. Then Bq (g) k is a finitely generated 
module over the Noetherian ring kGab- Denote by I C kGab the augmentation ideal and 
set X := Gab k- The I-adic completion Bq k is a finitely generated module over 
kGab — k[[X]], the formal power series ring on X. Note that k[[X]] is also the (X)-adic 
completion of the polynomial ring k[X]. 

The above identification is induced by the k-algebra map 

(5.2) exp:kGab^k[[X]], 

defined by exp(a) = e"®^, for a € Gab- After completion, we obtain an isomorphism of 
filtered k- algebras, exp: kGab 

Another invariant associated to a finitely generated group G is the infinitesimal Alexan- 
der invariant, B^(^Qy By definition, this is the finitely generated graded module over k[X] 
with presentation matrix 

(5.3) V := (53 + id «)9g : k[X] ® ( /\^ X y) ^ k[X] ® X, 

where Y = H2{G, k) and d^i^x Ay A z) = x (^y A z — y ® x A z + x Ay; see [Go, Theorem 
6.2] for details on degrees. As the notation indicates, the graded module B^^^q-^ depends 
only on the holonomy Lie algebra of G. 

5.2. Alexander invariant and Malcev completion. Let G be a finitely generated 
group, with Malcev Lie algebra E = Eg- We have an exact sequence of complete Lie 
algebras, 

(5.4) ^^/W^^E/W ^E/W^X ^0, 

with E/E' = X and E' /E" abelian. Here (•) denotes closure with respect to the topology 
defined by the filtration. Both E/E" and E/E' are endowed with the quotient filtrations 
induced from E, and E' /E" carries the subspace filtration induced from E/E". The 
adjoint action of X on E/E" induces a k[[X]]-module structure on E' /E" . 
Theorem 3.5 from [65] gives a commutative diagram of groups, 

(5.5) G'/G" G/G" Gab 

«:o 

exp{E^/W) expiE/W) exp(X) 

where both k' and k" are Malcev completions. 

Lemma 5.3. The map kq "X* k: {G'/G") (g) k — > E' /E" is exp-linear, that is, 

[kq (8) k)(a • /3) = exp(a) • {kq k)(/3) , 
for a e kGab and (3 £ {G'/G") ^ k. 
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Proof. It is enough to show that K"{a ■ j{h) ■ a'^) = dP^"^®^ ■ K"{j(h)) for a G G/G" 
and h € G' /G". To check this equahty, recall the well-known conjugation formula in 
exponential groups (see Lazard [45]), which in our situation says 

xyx~^ = exp(adj.)(y), 

for x,y € Qxp{E/W'). Hence ^"(a • • a"^) = e""^-'"^-) {k" {j{b))), which equals e^^'"'^®^ ■ 
K"{j{b)), since k' o p(a) = p{a) ® 1. □ 

Recall that Bq is a module over kGabi and E' /E" is a module over WyX] = W\X]\. 
Shift the Malcev filtration on 'E' /W' by setting F^^E' /W := Fg+2E'/W, for each q>0. 

Proposition 5.4. The k-linear map kq (8) k: Bq (8) k ^ E'/E" induces a filtered exp- 
linear isomorphism between Bq ® k, endowed with the filtration coming from the I-adic 
completion, and E' /E" , endowed with the shifted Malcev filtration F' . 

Proof. We start by proving that 

(5.6) Ko (g) k {PBg ® k) c E' /'W 

for ah g > 0. First note that E'/E" = F2E' /E" , by filtered exactness of (5.4), together 
with (2.5). Next, recall that exp(/) C {X). Finally, note that {Xy FgW /W C Fr+s'E' /W 
for all r, s. These observations, together with the exp-equivariance property from Lemma 
5.3, establish the claim. 

In view of (5.6), kq <8) k induces a filtered, exp-linear map from Bq (8) k to E' /E" . We 
are left with checking this map is a filtered isomorphism. For that, it is enough to show 

(5.7) gr''(Ko k) : gr^^G ® k) ^ gi'^^'' /'W) 

is an isomorphism, for each g > 0. 

Recall from (5.5) that k" o j = l o kq. By a result of W. Massey [5.3, pp. 400-401], the 
map j : G'/G" G/G" induces isomorphisms 

(5.8) gr'^(j) ® k: gr?(SG k) ^ gr^+^iG/G") ® k 
for all q >0. Since k" is a Malcev completion, it induces isomorphisms 

(5.9) gr«(K") : gv^iG/G") k ^ g4{E/W) 

for all g > 1. Finally, the inclusion map l induces isomorphisms gr^(t), for all g > 2, again 
by filtered exactness of (5.4), since X is abelian. This finishes the proof. □ 

5.5. Alexander invariants of 1-formal groups. The next result is a new, explicit man- 
ifestation of D. Sullivan's general philosophy, according to which the algebraic topology 
of a formal space in characteristic zero is determined by the cohomology ring. 

Theorem 5.6. Let G be a 1-formal group. Then the I-adic completion of the Alexander 
invariant, Bq ® k, is isomorphic to the {X)-adic completion of the infinitesimal Alexander 
invariant, B^^q), by a filtered exip-linear isomorphism. 
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Proof. Set := Sj{G). Consider the following sequence of Lie algebras, 

^ ^'/Sj" ^ ^/^" ^ ^/^' ^ . 

Clearly, Sj/Sj' and S^' /S)" are abelian, and = X. Moreover, the sequence is exact in 

each degree. 

Assign degree q to X and degree 2 to y in (5.3). Then S)' /S)" , viewed as a graded 
k[X]-module via the above exact sequence, is graded isomorphic to the Ik[X]-module 
coker(V), see [65, Theorem 6.2]. Taking (X)-adic completions, the claim follows from 

Proposition 5.4, since E' /E" = , by 1-formality. □ 

Remark 5.7. An alternative proof of Theorem A, in the case p = idGLj(c), based on 
Theorem 5.6, goes as follows. Consider the Alexander invariant, Bq ® C, over CGab, and 
the infinitesimal Alexander invariant, B^(q-^, over C[Gab ® C]. The varieties defined by 
the Fitting ideals of these two modules coincide, away from the origin, with Vfc(G), and 
TZk{G) respectively. By base change and Theorem 5.6, the Fitting ideals are identified in 
the 1-formal case via exp, upon completion. Since C[[X]] is faithfully flat over C{X}, the 
analytic germs of the corresponding Fitting loci are identified, via the local exponential 
isomorphism. 

Remark 5.8. Suppose M is the complement of a hyperplane arrangement in C"*, with 
fundamental group G = 7ri(M), and p = idGLi(c)- this case. Theorem A can be deduced 
from results of Esnault-Schechtman-Viehweg [29] and Schechtman-Terao-Varchenko [70]. 
In fact, one can show that there is a combinatorially defined open neighborhood [/ of in 
H^{M,C) with the property that H*{M,pC) ^ H*{H*{M,C), fJ'z), for ah z eU, where 
p = exp(2:). A similar approach works as soon as Wi{H^iM,C)) = 0, in particular, for 
complements of arrangements of hypersurfaces in projective or affine space. For details, 
see [22, Corollary 4.6]. 

The local statement from Theorem A is the best one can hope for, as shown by the 
following classical example. 

Example 5.9. Let M be the complement in of a tame knot K. Since M is a homology 
circle, it follows easily that M is a formal space; therefore, its fundamental group, G = 
7ri(M), is a 1-formal group. Let A(t) G Z[t, t~^] be the Alexander polynomial of K. It 
is readily seen that Vi(G) = {l}UZero(A) and 7ei(G) = {0}. Thus, if A{t) ^ 1, then 
exp(7^l(G)) /Vi(G). 

Even though the germ of Vi(G) at 1 provides no information in this case, the global 
structure of Vi(G) is quite meaningful. For example, if K is an algebraic knot, then A(t) 
must be product of cyclotomic polynomials, as follows from work of Brauner and Zariski 
from the 1920s, see [58]. 

Remark 5.10. Let M be the complement in of an algebraic curve, with fundamental 
group G = TTi{M), and let A(t) € 'Ij[t,t~^] be the Alexander polynomial of the total 
linking cover, as defined by Libgober; see [46] for details and references. It was shown in 
[46] that all the roots of A(i) are roots of unity. This gives restrictions on which finitely 
presented groups can be realized as fundamental groups of plane curve complements. 
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Let A*^' € T^lt^^ , . . . , t^^] be the multivariable Alexander polynomial of an arbitrary 
quasi-projective group. Starting from Theorem C(2), we prove in [25] that A*^ must have 
a single essential variable, if n 7^ 2. Examples from [64] show that this new obstruction 
efficiently detects non-quasi-projectivity of (local) algebraic link groups. Note that all 
roots of the one- variable (local) Alexander polynomial A(t) of algebraic links are roots of 
unity; see [58]. 

6. Position and resonance obstructions 

In this section, we prove Theorem C from the Introduction. The basic tool is a result 
of Arapura [■]], which we start by recalling. 

6.1. Arapura's theorem. First, we establish some terminology. By a curve we mean 
a smooth, connected, complex algebraic variety of dimension 1. A curve C admits a 
canonical compactification C, obtained by adding a finite number of points. 

Following [.3, p. 590], we say a map f M C from a connected, quasi-compact 
Kahler manifold M to a curve C is admissible if / is holomorphic and surjective, and 
has a holomorphic, surjective extension with connected fibers, f:M^C, where M is a 
smooth compactification, obtained by adding divisors with normal crossings. 

With these preliminaries, we can state Arapura's result [•), Proposition V.1.7], in a 
slightly modified form, suitable for our purposes. 

Theorem 6.2. Let M be a connected, quasi- compact Kahler manifold. Denote by {V"}a 
the set of irreducible components o/Vi(7ri(M)) containing 1. //dimV" > 0, then the 
following hold. 

(1) There is an admissible map, f^: M ^ Ca, where Ca is a smooth curve with 
x{Ca) < 0, such that 

and {fa)f- 7ri(M) — > iTi{Ca) is surjective. 

(2) There is an isomorphism 

H\M,f,pC)^H\Ca,pC), 
for all except finitely many local systems p S ¥,^^((7^). 

When M is compact, similar results to Arapura's were obtained previously by Beauville 
[6] and Simpson [7->]. The closely related construction of regular mappings from an al- 
gebraic variety M to a curve C starting with suitable differential forms on M goes back 
to Castelnuovo-de Franchis, see Catanese [12]. When both M and C are compact, the 
existence of a non-constant holomorphic map M — > C is closely related to the existence 
of an epimorphism 7ri(M) — » 7ri(C), see Beauville [5] and Green-Lazarsfeld [34]. In the 
non-compact case, this phenomenon is discussed in Corollary V.1.9 from [3]. 

6.3. Isotropic subspaces. Before proceeding, we introduce some notions which will be of 
considerable use in the sequel. Let fi: AH^ — > be a C-linear map, and lZk{p) C 
be the corresponding resonance varieties, as defined in Remark 3.17. One way to construct 
elements in these varieties is as follows. 
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Lemma 6.4. Suppose V C is a linear subspace of dimension k. Set i = dimim(/i: V A 
V H^). Ifi<k-1, then V C 7^fe_^™l(/i) C Tliifi). 

Proof. Let x £ V, and set Xy = {y £ V \ iJ.{x A y) = 0}. Clearly, dimxy > k — i. On the 
other hand, Xy /C ■ x C H^{H* , fix), and so x G TZk~i~i{fi). □ 

Therefore, the subspaces V C for which dimim(/i: V AV ^ H^) is small are 
particularly interesting. This remark gives a preliminary motivation for the following key 
definition. 

Definition 6.5. Let fi: /\^ — s- be a C-linear mapping, where dimH^ < oo, and 
let V C be a C-linear subspace. 

(i) V is 0-isotropic (or, isotropic) with respect to /U if the restriction fi^ : /\^ V 
is trivial. 

(ii) V is 1-isotropic with respect to fi if the restriction : /\^ V has 1- 
dimensional image and is a non-degenerate skew-symmetric bilinear form. 

Example 6.6. Let C be a smooth curve, and let fi = Uc- /\'^ H^{C,C) H^{C,C) be 
the usual cup-product map. There are two cases of interest to us. 

(i) If C is not compact, then H'^{C,C) = and so any subspace V C H^{C,C) is 
isotropic. 

(ii) If C is compact, of genus g > 1, then H'^{C,C) = C and H^{C,C) is 1-isotropic. 
Now let fii : /\^ Hi — > Hf and fi2 : ^2 ~^ ^2 be two C-linear maps. 

Definition 6.7. The maps fii and fi2 are equivalent (notation fti ~ fi2) if there exist linear 
isomorphisms (p^ : H\ —> H2 and (jP' : im(/ii) —> im(/i2) such that cj)'^ o fii = fi2 o A^cj)^. 

The key point of this definition is that the /c-resonant varieties TZk{fii) and lZk{fi2) can 
be identified under when fii ~ fjL2- Moreover, subspaces that are either 0-isotropic or 
1-isotropic with respect to fi\ and fi2 are matched under (j?-. 

6.8. Proof of Theorem C(l). We have V° = /aT^i(Ca)' where is admissible and 
xiCa) < 0; see Theorem 6.2(1). Therefore, T" = f*H\Ca,C). If the curve C„ is 
non-compact, the subspace T° is clearly isotropic, and dimT" = fei(Ca) > 2. If Cq is 
compact and /* is zero on H'^{Ca,C), we obtain the same conclusion as before. Finally, 
if Ca is compact and /* is non-zero on {Ca , C) , then plainly is 1-isotropic and 
dimT" = hi{Ca) > 4. The isotropicity property is thus established. 

6.9. Genericity obstruction. The next three lemmas will be used in establishing the 
position obstruction from Theorem C(2). 

Lemma 6.10. Let X he a connected quasi- compact Kdhler manifold, C a smooth curve 
and f: X ^ C a non-constant holomorphic mapping. Assume that f admits a holomor- 
phic extension f : X ^ C , where X (respectively, C) is a smooth compactification of X (re- 
spectively, C). Then the induced homomorphism in homology, f^,: Hi{X,'Z) Hi[C,'L), 
has finite cokernel. 
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Proof. Let Y = Sing(/) be the set of singular points of /, i.e., the set of all points x £ X 
such that dxf = 0. Then y is a closed analytic subset of X. Using Remmert's Theorem, 
we find that Z = f{Y) is a closed analytic subset of C, and f{X) = C. By Sard's Theorem, 
Z ^ C, hence Z is a finite set. 

Let B = {C \ C) U Z; set C = C \ B, and X' = X \ f-^{B) = f-^{C'). Then the 
restriction f : X' ^ C is a locally trivial fibration; its fiber is a compact manifold, and 
thus has only finitely many connected components. Using the tail end of the homotopy 
exact sequence of this fibration, we deduce that the induced homomorphism, /^': 7ri{X') — > 
7ri(C"), has image of finite index. 

Now note that i o /' o A; = / o j, where i: C ^ C , j : X \ f-\B) ^ X, and k: X \ 
f~^{B) X' are the inclusion maps. From the above, it follows that : Z) — > 

Hi (C, Z) has image of finite index. □ 

Let V" 7^ be two positive-dimensional, irreducible components of Vi('7ri(A/)) con- 
taining 1. Realize them by pull-back, via admissible maps, fa - M ^ Ca and fp-.M^ C^, 
as in Theorem 6.2(1). We know that generically (that is, for t E Ca \ Ba, where Ba is 
finite) the fiber fa^{t) is smooth and irreducible. 

Lemma 6.11. In the above setting, there exists t G Ca \ Ba such that the restriction of 
ffS to fa^{t) is non-constant. 

Proof. Assume fp has constant value, h{t), on the fiber fa^{t), for t G \ Ba- We first 
claim that this implies the existence of a continuous extension, h: Ca — > Cp, with the 
property that h o fa = fp. 

Indeed, let us pick an arbitrary special value, tQ G Ba, together with a sequence of 
generic values, t„, G Cq, \ Sq,, converging to to- For any x G fa'^ito)., note that the order 
at x of the holomorphic function fa is finite. Hence, we may find a sequence, Xn — > x, 
such that fa{xn) = tn- By our assumption, fp{x) = lim/i(t„), independently of x, which 
proves the claim. 

At the level of character tori, the fact that h o fa = fp implies = fp^^niiCp) C 
fa^iTi{Ca) = V", a contradiction. □ 

Lemma 6.12. Let and be two distinct irreducible components of Vi{tti{M)) con- 
taining 1. Then V" H is finite. 

Proof. We may suppose that both components are positive-dimensional. Lemma 6.11 
guarantees the existence of a generic fiber of fa, say Fa, with the property that the 
restriction of fp to Fa, call it 5: Fq, — > Cp, is non-constant. By Lemma 6.10, there exists 
a positive integer m with the property that 

(6.1) m-Hi{Cp,Z) Cim{g,). 

We will finish the proof by showing that = 1, for any p G V" H V'^. 

To this end, write p = pp o {fp)^:, with pp G T^^^^"^). For an arbitrary element 
a G iJi(M, Z), we have p'^{a) = pp{m ■ {fp)*a). From (6.1), it follows that m • {fp)ifa = 
{f^)*{ja)*b, for some b G Hi{Fa,'Z), where ja'- Fa ^ M \s the inclusion. On the 
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other hand, we may also write p = Pa ° {fa)*-, with p^ G T^^^fj^y Hence, p'^{a) = 
Pa{ifa)*{ja)*b) = /Oq,(0) = 1, as claimed. □ 

By passing to tangent spaces, Lemma 6.12 implies Theorem C(2). 

6.13. Proof of Theorem C(3). For this property, only 1-formality is needed. See The- 
orem B(3). 

6.14. Proof of Theorem C(4). This filtration- by-dimension resonance obstruction is a 
consequence of position obstructions from Parts (1) and (2), in the presence of 1-formality. 
We may assume k < bi{G), since otherwise TZk{G) = {0}, and there is nothing to prove. 

To prove the desired equality, we have to check first that any non-zero element u G 
TZk{G) belongs to some TZ" with dim 7^" > k. The definition of TZk guarantees the existence 
of elements vi, . . . ,Vk G H^{G, C) with ViUu = 0, and such that u,vi, . . . ,Vk are linearly 
independent. Since the subspaces (n, Vi) spanned by the pairs {u, Vi} are clearly contained 
in TZi{G), it follows that {u,Vi) C TZ"\ Necessarily qi = • • • = := a, since otherwise 
property (2) would be violated. This proves u € TZ", with dim 7^" > k. Now, if p{a) = 1, 
then dim 7^" > A; -|- 1. For otherwise, we would have TZ" = uj^a, which would violate the 
non-degeneracy property from Definition 6.5(ii). Finally, that dim 7^" > k + p{a) implies 
TZ" C lZk{G) follows at once from Lemma 6.4. 

6.15. Fibered quasi-Kahler groups. The next Lemma proves Theorem C(5). 

Lemma 6.16. Let M he a connected quasi- compact Kdhler manifold. Suppose the group 
G = ■Ki{M) is 1- formal. The following are then equivalent. 

(i) There is an epimorphism, (p: G ^ F^, onto a free group of rank r > 2. 

(ii) The resonance variety lZi{G) strictly contains {0}. 

Proof. The implication (i) =^ (ii) holds in general; this may be seen by using the Ug- 
isotropic subspace 99*ff^(Fr, C) C H^{G,C). If G is 1-formal and TZi{G) strictly contains 
{0}, there is a positive-dimensional component V", by Theorem C(3). Applying Theorem 
6.2, we obtain an admissible map, f:M — >■ G, onto a smooth complex curve G with 
x{C) < 0. Property (i) follows then from [3, Corollary V.1.9]. □ 

This finishes the proof of Theorem C from the Introduction. 

We close this section with a pair of examples showing that both the quasi-Kahler and 
the 1-formality assumptions are needed in order for Lemma 6.16 to hold. 

Example 6.17. Consider the smooth, quasi-projective variety Mi examined by Morgan 
in [59, p. 203] (the complex version of the Heisenberg manifold). It is well-known that 
Gi = T^iiMi) is a nilpotent group. Therefore, property (i) fails for Gi. Nevertheless, 
7^1 (Gi) = C^, and so property (ii) holds for Gi. In particular, the group Gi is not 
1-formal. 

Example 6.18. Let Nh be the non-orientable surface of genus h > 1, that is, the con- 
nected sum of h real projective planes. It is readily seen that has the rational homotopy 
type of a wedge oi h — 1 circles. Hence A'^^ is a formal space, and so 7ri(Nh) is a 1-formal 
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group. Moreover, 7^l(7^l(iV,J)) = ni{¥h-i), and so ni{7ri{Nh)) = C'^S provided h > 3. 
Thus, property (ii) holds for all groups TTi^Nh) with h > 3. 

Now suppose there is an epimorphism ip: tti^N^) F,. with r > 2, as in (i). Then the 
subspace ip*H^{¥r,'I,2) C {'7Ti{Nh) , Z2) has dimension at least 2, and is isotropic with 
respect to U^j(jv^). Hence, /i > 4, by Poincare duality with Z2 coefficients. 

Focussing on the case h = 3, we see that the group 7ri(A'^3) is 1-formal, yet the impli- 
cation (ii) =^> (i) from Lemma 6.16 fails for this group. It follows that 7ri(A'^3) cannot be 
realized as the fundamental group of a quasi-compact Kahler manifold. Note that this as- 
sertion is not a consequence of Theorem C, Parts (1), (2) and (4). Indeed, U^-^(^j\f^) ~ Uf,j_i 
(over C), while ¥h-i = 7ri(pi \ {h points}), for ah /i > 1. 

7. Regular maps onto curves and isotropic subspaces 
In this section, we present a couple of useful complements to Theorem C. 

7.1. Admissible maps and isotropic subspaces. We now consider in more detail 
which admissible maps : M — s- Cq may occur in Theorem 6.2. 

Proposition 7.2. Let M be a connected quasi-compact Kdhler manifold, and let f : M — >• 
C be an admissible map onto the smooth curve C. 

(1) IfWi{H^{M, C)) = H^{M, C), then the curve C is either compact, or it is obtained 
from a compact smooth curve C by deleting a single point. 

(2) If Wi{H^{M,C)) = 0, then the curve C is rational. If x{C) < 0, then C is 
obtained from C by deleting at least two points, and f*H^{C,C) is ^-isotropic with 
respect to Um- 

(3) Assume in addition that ■ki{M) is 1-formal. If the curve C is compact of genus 
at least 1, then f*: H^{C,C) ^ H'^{M,C) is injective, and so f*H^{C,C) is 1- 
isotropic with respect to Dm- 

Proof Recah that ff. tti{M) 7ri(C) is surjective; hence /* : H\C,C) H\M,C) is 
injective. 

Part (1). A quasi-compact Kahler manifold M inherits a mixed Hodge structure from 
each good compactification M, by Deligne's construction in the smooth quasi-projective 
case [17]. Furthermore, if M is quasi-projective, this structure is unique, as shown in [17, 
Theorem 3.2.5(ii)]. 

By the admissibility condition on /: M C, there is a good compactification M 
such that / extends to a regular morphism f:M^C. Fixing such an extension, the 
condition_W^i(i?i(M,C)) = H\M,C) just means that j*{H\M,C)) = H^{M,C), where 
j : M ^ M is the inclusion. Since regular maps / which extend to good compactifications 
of source and target obviously preserve weight filtrations, the mixed Hodge structure on 
i?^(C, C) must be pure of weight 1, see [17]. If we write C = C\A, for some finite set A, 
then there is an exact Gysin sequence 
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see for instance [19, p. 246]. But F°(A,C)(-1) is pure of weight 2, and so H'^{C,C) is 
pure of weight 1 if and only if \A\ < 1. 

Part (2). By the same argument as before, we infer in this case that H^{C,C) should 
be pure of weight 2. The above Gysin sequence shows that H^{C,C) is pure of weight 2 
if and only if g(C) = 0, i.e., C = P^. Finally, x(C) < implies |^| > 3. 

Part (3). Set G := tti{M), Tm := Tg and T := T^i(c)- Note that dimT > 0. 
Furthermore, the character torus T is embedded in Tm, and its Lie algebra ri(T) is 
embedded in TiiTM)-, via the natural maps induced by /. By Theorem 6.2(2), 

dimi7^(Af,/.pC) = dimif^(C,pC), 

for /9 € T near 1 and different from 1, since both the surjectivity of /jj in Part (1), and the 
property from Part (2) do not require the assumption x{C) < 0. 

Applying Theorem A to both G (using our 1-formality hypothesis), and vri(C) (using 
Example 2.5), we obtain from the above equality that 

dimH^{H'{M,C),fif*,) = dimH^{H*{C,C),n,), 

for all z G H^{C,C) near and different from 0. Moreover, for any such z, a standard 
calculation shows dim.H^{H'{G,C), ^z) = 2(7 — 2, where g = g{G). 

Now suppose /*: H^{G,C) H^{M,C) were not injective. Then f*H^{C,C) would 
be a 0-isotropic subspace of H^{M,C), containing f*{z). In turn, this would imply 
dim {H' {M , C) , fi f* z) >2g — I, a contradiction. □ 

Using Theorem C, we obtain the following. 

Corollary 7.3. Let M be a connected quasi-compact Kdhler manifold, with fundamental 
group G, and first resonance variety TZi{G) = Ua^°- Assume hi{G) > and TZi{G) ^ 
{0}. 

(1) If M is compact then G is 1-formal, and each component TZ°' is 1-isotropic, with 
dimW = 2ga > 4. 

(2) If Wi{H^ {M , C)) = then G is 1-formal, and each component TZ°^ is 0-isotropic, 
with dim7^" > 2. 

(3) IfWi{H^{M,C)) = H^{M,C) and G is 1-formal, then dim7^" = 2ga > 2, for all 
a. 

7.4. Cohomology in degree two. We point out the subtlety of the injectivity property 
from Proposition 7.2(3). 

Example 7.5. Let Lg be the complex algebraic line bundle associated to the divisor given 
by a point on a projective smooth complex curve Gg of genus g > 1. Denote by Mg the 
total space of the C*-bundle associated to Lg. Clearly, Mg is a smooth, quasi-projective 
manifold. (For g = 1, this example was examined by Morgan in [59, p. 203].) Denote 
by fg : Mg — > Gg the natural projection. This map is a locally trivial fibration, which is 
admissible in the sense of Arapura [3]. Since the Chern class ci{Lg) G H'^{Gg,'L) equals 
the fundamental class, it follows that / * : H'^{Gg,C) H'^{Mg,C) is the zero map. Set 
Gg = Tri{Mg). 



TOPOLOGY AND GEOMETRY OF COHOMOLOGY JUMP LOCI 



27 



A straightforward analysis of the Serre spectral sequence associated to fg , with arbitrary 
untwisted field coefficients, shows that (fg)*'- Hi{Mg,Z) — > Hi{Cg,'L) is an isomorphism, 
which identifies the respective character tori, to be denoted in the sequel by T^. This 
also implies that Wi{H^{Mg,'C)) = H^{Mg,C), since this property holds for the compact 
variety Cg. 

We claim fg induces an isomorphism 

(7.1) H\Cg,pC) ^ H\Mg,f,pC), 

for all p G Tg. If p = 1, this is clear. If p / 1, then IIom27ri(c = 0, since the 

monodromy action of 7ri(Cg) on Z = ffi(C*,Z) is trivial. The claim follows from the 
5-term exact sequence for twisted cohomology associated to the group extension 1 — > Z — > 
Gg 7ri(Cg) ^ 1; see [39, VI.8(8.2)]. 
It follows that 



(7.2) Vk{G, 



9) 



I Tg, for < A; < 2g - 2; 

for 2g - 1 < /c < 2^. 

On the other hand, VJg = 0, since /g = on . Therefore 



(7.3) UkiGg) 



Ti{Tg), for < A; < 25 - 1; 
{0}, for k = 2g. 



By inspecting (7.2) and (7.3), we see that the tangent cone formula fails for k = 2g — 1. 
Consequently, the (quasi-projective) group Gg cannot be 1-formal. We thus see that the 
1-formality hypothesis from Proposition 7.2(3) is essential for obtaining the injectivity 
property of /* on H^. 

Remark 7.6. It is easy to show that /* : H'^{C,C) ^ i^^(M,C) is injective when M is 
compact. On the other hand, consider the following genus zero example, kindly provided 
to us by Morihiko Saito. Take C = and M = x \ (Ci U C2), where Ci = {00} x P^ 
and G2 is the diagonal in P^ x P^. The projection of M on the first factor has as image 
C = P^ \ {00} and affine lines as fibers; thus, M is contractible. If we take f : M —>■ 
to be the map induced by the second projection, we get an admissible map such that 
/*: H^{C,C) H^iM,C) is not injective. 

7.7. Twisted and Aomoto Betti numbers. We now relate the dimensions of the co- 
homology groups H^{H'{M,C), pz) and (M, pC) corresponding to z G Hom(G, C) \ {0} 
and p = exp(z) G Hom(G, C*) \ {1}, to the dimension and isotropicity of the resonance 
component 7^" to which z belongs. 

Proposition 7.8. Let M be a connected quasi- compact Kdhler manifold, with fundamental 
group G, and first resonance variety lZi{G) = IJa"^"- 1-formal, then the following 

hold. 

(1) IfzeW and z^O, then dimH^{H'{M,C), p^) = dim7^" -p(a) - 1. 

(2) If p G exp(7^") and p / 1, then dim {M , pC) > dimTZ'^ — p{a) — 1, with equality 
for all except finitely many local systems p. 
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Proof. Part (1). Recall that 7^" = f*H^{Ca,C). Exactly as in the proof of Proposition 
7.2(3), we infer that 

(7.4) dimH^{M,pC) = dhiiH\H*{M,C),l^z) = dimH\H*{Ca,C),l^i:), 
where z = f*C and p = exp(z), for all z G TZ" near and different from 0. Clearly 

(7.5) dim H^{H'{C a, C),f^c) = dim7^° -p(a) - 1, 

if C 0. Since plainly dim H\H' {M, C), f^z) = dim H\H' {M, C), ^^Xz), for all A G C*, 
equations (7.4) and (7.5) finish the proof of (1). 

Part (2). Starting from the standard presentation of the group 7ri{Ca), a Fox calculus 
computation shows that dimH^{Ca, p'C) = dimT?-" — p{a) — 1, provided p' 7^ 1. By 
Theorem 6.2(2), the equality dim i7^(M, pC) = dim 7^" —p{a) — 1 holds for all but finitely 
many local systems p G exp(7^"). By semi-continuity, the inequality dimH^{M,pC) > 
dim 7^" — p{a) — 1 holds for all p G exp(7^"). □ 

8. Arrangements of real planes 

Let A = {Hi, . . . , Hn} be an arrangement of planes in R^, meeting transversely at the 
origin. By intersecting A with a 3-sphere about 0, we obtain a link L of n great circles in 
5*^. It is readily seen that the complement M of the arrangement deform-retracts onto the 
complement of the link. Moreover, the fundamental group G = 7ri(M) has the structure 
of a semidirect product of free groups, G = Fn-i x and M is a K{G, 1). For details, 
see [79, 54]. 

Example 8.1. Let A = ^(2134) be the arrangement defined in complex coordinates on 
= by the half-holomorphic function Q{z,w) = zw{z — w){z — 2w); see Ziegler [79, 
Example 2.2]. Using a computation from [51, Example 5.10], we obtain the following 
presentation for the fundamental group of the complement 

G = {xi,X2,X3,Xi \ {Xi,xlx4,), {X2,X4,), {X3,X4,)). 

It can be seen that Eq = L(xi, X2, X3, X4)/((2[xi, 3:3] + [xi, X4], [x2, 0:4], [xs, 0:4])), where 
L(X) is the Malcev Lie algebra obtained from L*(X) by completion with respect to the 
degree filtration, and (([/)) denotes the closed Lie ideal generated by a subset U. Thus, G 
is 1-formal. The resonance variety TZi{G) C has two components, TZ°^ = {x | X4 = 0} 
and = {x\xi + 2x3 = 0}. The resonance obstructions from Theorem C, Parts (1), (2) 
and (4) are violated: 

• The subspaces TZ" and TZ^ are neither 0-isotropic, nor 1-isotropic. 

• 7^" n = {x I X3 = X4 = 0}, which is not equal to {0}. 

• 7^2 (G) = {x I xi = X3 = X4 = 0} U {x I X2 = X3 = X4 = 0}, and neither of these 
components equals TZ°^ or TZ^ . 

Thus, G is not the fundamental group of any smooth quasi-proj active variety. 

Let A be an arrangement of transverse planes in M^, with complement M. From 
the point of view of two classical invariants — the associated graded Lie algebra, and the 
Chen Lie algebra — the group G = ■ki{M) behaves like a 1-formal group. Indeed, the 
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associated link L has all linking numbers equal to ±1, in particular, the linking graph of 
L is connected. Thus, gr*(G) ^ Q ^ Sjc and gr*(G/G") (g) Q ^ ^g/^G' as graded Lie 
algebras, by [52, Corollary 6.2] and [65, Theorem 10.4(f)], respectively. Nevertheless, our 
methods can detect non-formality, even in this delicate setting. 

Example 8.2. Consider the arrangement A = ^(31425) defined in complex coordinates 
by the function u)) = z{z — w){z — 2w){2z + 3w — 5W){2z — w — 5w)] see [55, Example 
6.5]. A computation shows that TCi{V2{G)) has 9 irreducible components, while 7^2(G') 
has 10 irreducible components; see [56, Example 10.2], and [55, Example 6.5], respectively. 
By Theorem A, the group G is not 1-formal. Thus, the complement M cannot be a formal 
space, despite a claim to the contrary by Ziegler [?!), p. 10]. 

9. Wedges and products 

In this section, we analyze products and coproducts of groups, together with their 
counterparts at the level of first resonance varieties. Using our obstructions, we obtain 
conditions for realizability of free products of groups by quasi-compact Kahler manifolds. 

9.1. Products, coproducts, and 1-formality. Let F{X) be the free group on a finite 
set X, and let L*(X) be the free Lie algebra on X, over a field k of characteristic 0. Denote 
by L(A') the Malcev Lie algebra obtained from I^*{X) by completion with respect to the 
degree filtration. Define the group homomorphism kx '■ ¥{X) — > exp(L(A')) by kx{x) = x 
for X € X. Standard commutator calculus [45] shows that 

(9.1) gr*(Kx) : gr*(F(X)) k ^ gr>(L(X)) 

is an isomorphism. It follows from [69, Appendix A] that kx is a Malcev completion. 

Now let G be a finitely presented group, with presentation G = (xi, . . . ,Xs \ wi, . . . , Wr), 
or, for short, G = F(X)/(w). Denote by ((w)) the closed Lie ideal of L,{X) generated by 
^x(wi); • • • , i^x{wr)i and consider the group morphism induced by kx, 

(9.2) kg: G^exp(L(X)/((w))). 

It follows from [62] that is a Malcev completion for G. (For the purposes of that paper, 
it was assumed that Gab had no torsion, see [62, Example 2.1]. Actually, the proof of the 
Malcev completion property applies verbatim in the general case, see [62, Theorem 2.2].) 

Proposition 9.2. IfGi andG2 are finitely presented 1-formal groups, then their coproduct 
Gi * G2 and their product Gi x G2 are again 1-formal groups. 

Proof. First consider two arbitrary finitely presented groups, with presentations Gi = 
¥{X)/{u) and G2 = ¥{Y)/{v). Then Gi * G2 = ¥{X U y)/(u, v). It follows from (9.2) 
that Eg^*G2 — ^Gi LI^G2) the coproduct Malcev Lie algebra. 

On the other hand, Gi x G2 = ¥{X U Y)/{u,v,{x,y);x G X,y G Y), and so, by 
the same reasoning, EgjxG2 = IL'(A" U y)/((Kx(u), Ky (v), (x, y); x G X,y G Y)). Using 
the Campbell-Hausdorff formula, we may replace each CH-group commutator (x, y) with 
the corresponding Lie bracket, [x,y]; see [63, Lemma 2.5] for details. We conclude that 
EgixG2 = ^Gi n ^G2^ the product Malcev Lie algebra. 
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Now assume Gi and G2 are 1-formal. Hence, we may write Eq-^ = L(X')/((u')) and 
= where the defining relations u' and v' are quadratic. Therefore 

=L(x'uy')/((u',v')), 

EG,y,G,=UX'yjY')/iiv^y,[x',y'];x' eX'.y' (^Y')). 

Since the relations in these presentations are clearly quadratic, the 1-formality of both 
Gi * G2 and Gi x G2 follows. □ 

9.3. Products, coproducts, and resonance. Let W, (i = 1,2) be complex vector 
spaces, where and are finite-dimensional. Given two C-linear maps, fiu : AU^ — >■ 
and nv-V^ AV^ ^ V^, set W' = W ® V\ and define fiu * t^v ■ A ^ as 
follows: 

fj-u * ^J'v\mAm = Mf/; fj-u * i^vIv^av^ = f^v, fJ-u * fJ'vlu'^AV^ = 0- 

When flu = Uci and = Ugj' then clearly fj^u * fiy = Ugi*G2) since K{Gi * G2, 1) = 
VK(G2,1). 

Lemma 9.4. Suppose ^ 0, ^ 0, and fiu * satisfies the isotropicity resonance 
obstruction, i.e., each irreducible component of TZi{fiu * fiy) is a p-isotropic subspace of 
, in the sense of Definition 6.5. Then fiu = fiy = 0. 

Proof. Set fi := flu * fiy We know 'R-i{fi) = W^, by [66, Lemma 5.2]. If ft ^ 0, then fi is 
1-isotropic, with 1-dimensional image. It follows that either fijj = or = 0. In either 
case, fi fails to be non-degenerate, a contradiction. Thus, fj, = 0, and so fiu = fiy = ^- D 

Next, given fiu and fxy as above, set = and = C/2 e y2 ^ (jji ^ yi^^ 
and define fiu x fiy : A — > as follows. As before, the restrictions of fiu x fiy 
to A and A are given by fiu and fj,y, respectively. On the other hand, 
fiu X Av) = u^v, ioT u G and v gV^. Finally, if fiu = and /iy = Ugj, then 
flu X fiy = UG1XG2, since E:(Gi x G2, 1) = K{Gi, 1) x ^(^2, 1). 

Lemma 9.5. With notation as above, lZi{fiu x ^v) = ^1(^(7) x {0} U {0} x TZi{fiy). 

Proof. Set fi = flu X fiy. The inclusion TZii^fi) D lZi{fiu) x {0} U {0} x lZi{fiy) is obvious. 
To prove the other inclusion, assume lZi{fi) 7^ (otherwise, there is nothing to prove), 
and pick 7^ a + 6 G Tli{fi), with a G and b £ V^. By definition of 7li{fi), there is 
X + y G f/^ e such that {a + b) A (x + y) ^ and 

(9.3) fi{{a + b) A{x + y)) = fiu{a Ax) + fiy{b Ay) + a0y-x(g)b = O. 

In particular, a®y = x®b. There are several cases to consider. 

If a 7^ and & 7^ 0, we must have x = Xa and y = A6, for some A G C, and so 
{a + b) A {x + y) = {a + b) A A(a + 6) = 0, a contradiction. 

If 6 = 0, then a 7^ and (9.3) forces y = and fiu{0' A x) = 0. Since (a + 6) A (x + y) = 
o Ax 7^ 0, it follows that a G Tli{fiu), as needed. The other case, a = 0, leads by the same 
reasoning to 6 G Tli{fiy). □ 
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If Gi and G2 are finitely generated groups, Lemma 9.5 implies that 7?.i(Gi x G2) = 
TZi{Gi) X {0} U {0} X 7^1(^2). An analogous formula holds for the characteristic varieties: 
Vi(Gi X G2) = Vi(Gi) X {1} U {1} X Vi(G2), see [16, Theorem 3.2]. 

9.6. Quasi-projectivity of coproducts. Here is an application of Theorem C. It is 
inspired by a result of M. Gromov, who proved in [•■)•")] that no non-trivial free product of 
groups can be realized as the fundamental group of a compact Kahler manifold. We need 
two lemmas. 

Lemma 9.7. Let G be a finitely presented, commutator relators group (that is, G = 
¥{X)/ (w) , with X and w finite, and w C V2¥{X)). Suppose G is 1-formal, and Ug = 0. 
Then G is a free group. 

Proof. Pick a presentation G = ¥{X)/ (w), with all relators Wi words in the commutators 
where 5, /i E ¥{X). We have Eg = ^(G), by the 1-formality of G, and S){G) = 
L(X), by the vanishing of Ug- Hence, Eq = L(X). On the other hand, (9.2) implies Eq = 
]L(X)/((w)). We thus obtain a filtered Lie algebra isomorphism, L(X) ]L(X)/((w)). 

Taking quotients relative to the respective Malcev filtrations and comparing vector 
space dimensions, we see that K,x{wi) S H/cM ^k^i^) — 0) fo'^ ^ ^- ^ well-known result 
of Magnus (see [51]) says that gr*(F(X)) is a torsion-free graded abelian group. We infer 
from (9.1) that Wi G {^j^-^^V {X) ^ for all i. Another well-known result of Magnus (see 
[51]) insures that ¥{X) is residually nilpotent, i.e., nA:>i ^^^(X) = 1. Hence, Wi = 1, for 
aU i, and so G = F(X). ~ □ 

Lemma 9.8. Let Gi and G2 he finitely presented groups with non-zero first Betti number. 
ThenVi{Gi*G2)=TG,*G2- 

Proof. Let G = {xi, . . . ,Xs \ wi, . . . , Wr) be an arbitrary finitely presented group, and let 
p E Tg be an arbitrary character. By Fox calculus, we know that p £ Vi(G) if and only 
if bi{G,p) > 0, where 61 (G,/?) := dimkerdi(p) — rankd2{p). Moreover, the linear map 
di{p): C** ^ C sends the basis element corresponding to the generator Xi to p{xi) — 1, 
while the linear map d2 (p) : C — > is given by the evaluation at p of the matrix of free 
derivatives of the relators, {^^(p))', see Fox [32]. 

For G = Gi*G2, write p = {pi, P2), with pi £ Tc.. We then have dj{p) = dj{pi)+dj{p2), 
for j = 1,2. Hence, bi{G,p) = 6i(Gi,pi) + bi{G2, P2) + if both pi and p2 are different 
from 1, and otherwise &i(G, p) = 6i(Gi, pi) + 6i(G2, ^2)- Since 6i(Gj, 1) = 6i(Gj) > 0, the 
claim follows. □ 

Theorem 9.9. Let Gi and G2 be finitely presented groups with non-zero first Betti num- 
ber. 

(1) // the coproduct Gi * G2 is quasi-Kdhler, then Ugi = = 0. 

(2) Assume moreover that Gi and G2 are 1-formal, presented by commutator relators 
only. Then Gi * G2 is a quasi-Kdhler group if and only if both Gi and G2 are free. 

Proof. Part (1). Set G = Gi * G2. From Lemma 9.8, we know that there is just one 
irreducible component of Vi(G) containing 1, namely V = T^, the component of the 
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identity in the character torus. Hence, Ti{V) = H^{G,C). Libgober's result from [48] 
implies then that TZi{G) = H^{G, C). If G is quasi-Kahler, Theorem C(l) may be invoked 
to infer that Uq satisfies the isotropicity resonance obstruction. The conclusion follows 
from Lemma 9.4. 

Part (2). If Gi and G2 are free, then Gi * G2 is also free (of finite rank), thus quasi- 
projective. For the converse, use Part (1) to deduce that Ud = U^a = 0, and then apply 
Lemma 9.7. □ 

Let C be the class of fundamental groups of complex projective curves of non-zero genus. 
Each G G C is a 1-formal group, admitting a presentation with a single commutator relator, 
and is not free (for instance, since Ug 7^ 0). Proposition 9.2 and Theorem 9.9 yield the 
following corollary. 

Corollary 9.10. // Gi,G2 € C, then Gi * G2 is a 1-formal group, yet Gi * G2 is not 
realizable as the fundamental group of a smooth, quasi-projective variety M. 

This shows that 1-formality and quasi-projectivity may exhibit contrasting behavior 
with respect to the coproduct operation for groups. 

10. Configuration spaces 

Denote by S*^" the n-fold cartesian product of a connected space S. Consider the 
configuration space of n distinct labeled points in S, 

F(S,n) = SX"\[jA,„ 

i<j 

where Aij is the diagonal {s G S^"^ \ Si = Sj}. The topology of configuration spaces 
has attracted considerable attention over the years. For S a smooth, complex projective 
variety, the cohomology algebra H*{F{S,n),C) has been described by Totaro [7(3], solely 
in terms of n and the cohomology algebra H*(S,C). 

Let Cg be a smooth compact complex curve of genus g {g > 1). The fundamental group 
of the configuration space Mg^n ■= F{Cg,n) may be identified with Pg^n, the pure braid 
group on n strings of the underlying Riemann surface. Starting from Totaro's description, 
it is straightforward to check that the low-degrees cup-product map of Pg^n is equivalent, 
in the sense of Definition 6.7, to the composite 

U^Xn 

(10.1) fig^n. A'^HC',x",C) — if2(C,x",C) ^if2(C7;",C)/span{[A,,]},<,- , 

where [Aij] S H'^(Gg^, C) denotes the dual class of the diagonal Aij, and the second arrow 
is the canonical projection. It follows that the connected smooth quasi-projective complex 
variety Mg^n has the property that Wi{H^{Mg^n,C)) = H^{Mg^n,C), for all g,n>l. 

The Malcev Lie algebra of Pg^n has been computed by Bezrukavnikov in [!)], for all 
g,n > 1. It turns out that the groups Pg^n are 1-formal, for g > 1 and n > 1, or 17 = 1 and 
n < 2; see [9, p. 130]. On the other hand, Bezrukavnikov also states in [9, Proposition 
4.1(a)] that Pi^n is not 1-formal for n > 3, without giving an argument. With our methods, 
this can be easily proved. 
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7^l(Pl,„)= (x,y)eC"xC" 



Example 10.1. Let {a, b} be the standard basis of H^{Ci,C) = C^. Note that the coho- 
mology algebra H*{C^"', C) is isomorphic to /\*(ai, 61, ... , a^, bn)- Denote by (xi, yi, . . . , 
Xn,yn) the coordinates of z G i7^(Pi^„,C). Using (10.1), it is readily seen that 

Er=i = EILi Vi = 0, 
^iUj — XjUi = 0, for 1 < i < j < n 

Suppose n > 3. Then TZi{Pi^n) is a rational normal scroll in C2{"-i), see [38], [28]. In 
particular, TZi{Pi^n) is an irreducible, non-linear variety. From Theorem B(l), we conclude 
that Pi^n is indeed non-l-formal. This indicates that Theorem 1.3 from [.]7] cannot hold 
in the stated generality. 

This family of examples also shows that both the 7^i-version of Arapura's result on Vi 
from Theorem 6.2(1) and the isotropicity resonance obstruction may fail, for an arbitrary 
smooth quasi-projective variety M. 

For n < 2, things are even simpler. 

Example 10.2. It follows from (10.1) that ^1^2 equals the canonical projection 

.2 .2 

fJ-1,2- /\ {ai,bi,a2,b2) /\ {ai,bi,a2,b2)/C ■ {ai - a2){bi - 62). 

It follows that 7^1 (-Pi, 2) is a 2-dimensional, 0-isotropic linear subspace of if^(Pi,2,C). 

Consider now the smooth variety Mg := Mi, 2 x Cg, with g >2. By Proposition 9.2, this 
variety has 1-formal fundamental group. It also has the property that Wi{H^{M'g,C)) = 
H^{M'g,C)- We infer from Lemma 9.5 that 

7^l(7rl(Mp) = 7^l(Pl,2) X {0} U {0} X H\Cg,C), 

where the component 7^i(Pi,2) is 0-isotropic and the component H^{Cg,C) is 1-isotropic. 
We thus see that both cases listed in Proposition 7.2(1) may actually occur. 

Remark 10.3. Recall from Example 7.5 that the tangent cone formula may fail for quasi- 
projective groups, at least in the case when 1 is an isolated point of the characteristic 
variety. The following statement can be extracted from [48, p. 161]: "If M is a quasi- 
projective variety and 1 is not an isolated point of Vi(7ri(M)), then TCi(Vi(7ri(M))) = 
7^i(7ri(M))." Taking M to be one of the configuration spaces Mi,„, with n > 3, shows 
that this statement does not hold, even when M is smooth. 

Indeed, since Pi, 2 is 1-formal, we obtain from Theorem A that Vi(Pi,2) is 2-dimensional 
at 1. As is well-known, the natural surjection, Pi,„ -» Pi,2, embeds Vi(Pi,2) into Vi(Pi,n), 
for n > 2. Thus, Vi(Pi,n) is positive-dimensional at 1, for n > 2. On the other hand, it 
follows from Example 10.1 that TCi(Vi(Pi,n)) is strictly contained in 7^i(Pi,.„), for n > 3. 

11. Artin GROUPS 

In this section, we analyze the class of finitely generated Artin groups. Using the 
resonance obstructions from Theorem C, we give a complete answer to Serre's question 
for right-angled Artin groups, and we give a Malcev Lie algebra version of the answer for 
arbitrary Artin groups. 
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11.1. Labeled graphs and Artin groups. Let T = (V, E, £) be a labeled finite simplicial 
graph, with vertex set V, edge set E C (2), and labehng function i: E ^ N>2. Finite 
simphcial graphs are identified in the sequel with labeled finite simplicial graphs with 
i{e) = 2, for each e S E. 

Definition 11.2. The Artin group associated to the labeled graph T is the group Gr 
generated by the vertices f G V and with a defining relation 

ywv^ ■ ■ ^ = wvw ■ ■ 

£{e) eie) 

for each edge e = {v, w} in E. If T is unlabeled, then Gr is called a right-angled Artin 
group, and is defined by commutation relations vw = wv, one for each edge {v,w} S E. 

Example 11.3. Let P = (V, E,£) and F' = (V',E',f) be two labeled graphs. Denote 
by r|jr' their disjoint union, and by F * F' their join, with vertex set V|J V', edge set 
E y E' |J{{f , u'} \v £\/,v' £ V'}, and label 2 on each edge {v,v'}. Then 

Gp LJ r' ~ G'r * Gr' and Gr*r' = Gr x Gr' • 

In particular, if F is a discrete graph, i.e., E = 0, then Gr = whereas if F is an 
(unlabeled) complete graph, i.e., E = (2); then Gr = Z", where n = |V|. More generally, 
if F is a complete multipartite graph (i.e., a finite join of discrete graphs), then Gr is a 
finite direct product of finitely generated free groups. 



Given a graph F = (V, E) and a subset of vertices W C V, we denote by F(W) the full 

iA/\ 
2 /• 



subgraph of F, with vertex set W and edge set E fl ''^ 



Let (S^)"^ be the compact n-torus, where n = |V|, endowed with the standard cell 
structure. Denote by Kr the subcomplex of (S*^)^ having a fc-cell for each subset W C V 
of size k for which F(W) is a complete graph. As shown by Charney-Davis [14] and Meier- 
Van Wyk [57], Kr = K{Gr,l)- In particular, the cup-product map Ug^'- H^{Gr,C) A 
H^{Gr,C) H^{Gr,C) may be identified with the linear map Ur : A 
defined by 

(11.1) vUrw 



±{v, w}, if {v, w} € E, 
0, otherwise, 



with signs determined by fixing an orientation of the edges of F. 

11.4. Jumping loci for right-angled Artin groups. The resonance varieties of right- 
angled Artin groups were described explicitly in Theorem 5.5 from [66]. If F = (V, E) is a 
graph, then 



(11.2) 7^l(Gr) = U( 



w 

where the union is taken over all subsets W C V such that F(W) is disconnected, and 
maximal with respect to this property. Moreover, the decomposition (11.2) coincides with 
the decomposition into irreducible components of 7^i(Gr). 
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Before proceeding to the Serre problem, we describe the characteristic variety of Gp- 
For W C V, define the subtorus Tw C T^r = (C*)^ by 

Tw = {(t.).GV e (C*)^ I t„ = 1 for V i W}. 

The map exp: T\fQ^ — > is the componentwise exponential map exp^ : (C*)^; 
its restriction to the subspace spanned by W is exp^ : (C*)^ = Tw- 

Proposition 11.5. Let Gr be the right-angled Artin group associated to the graph T = 
(V,E). Then 

Vi(Gr) =|JTw, 
w 

where the union is over all subsets W C V such that r(W) is maximally disconnected. 
Moreover, this decomposition coincides with the decomposition into irreducible components 
ofViiGv). 

Proof. The realization of K{Gt, 1) as a subcomplex Ky of the torus {S^ f^ yields a well- 
known resolution of the trivial ZGr-module Z by finitely generated, free ZGr-modules, as 
the augmented, Gr-equivariant chain complex of the universal cover of -fTr, 

G.(Xr) : ^ ZGr Gfc ^ ZGr ® Gk-i ^ ZGr ^ Z ^ . 

Here G^ denotes the free abelian group generated by the fc-cells of K^, and the boundary 
maps are given by 

k 

(11.3) 4(ei,i X • • • X e^,J = ^{-lY~^{vi - 1) (g) 6^,^ x • • • x e^,^ x • • • x e^,^^, 

i=l 

where, for each u G V, the symbol e^ denotes the 1-cell corresponding to the v-ih. factor 
of {S^f^. 

Now let p = {ty)y^y e (C*)^ be an arbitrary character. Denoting by {z;*}„ev the 
basis of if^(Gr,C) dual to the canonical basis of i/i(Gr,C), define an element z € = 
i/^(Gr,C) by 2; = X]Dev(*" ~ '^)v* . Using (11.3), it is not difficult to check the following 
equality of cochain complexes 

(11.4) HomzGr(C.(i?r),pC) = (F'(Gr, C), /x,). 

It follows then, directly from the definitions and using (11.4), that p € Vi(Gr) if and only 
if z € 7^1 (Gr). Hence, the claimed decomposition of Vi(Gr) is a direct consequence of the 
decomposition (11.2). □ 

11.6. Serre's problem for right-angled Artin groups. As shown by Kapovich and 
Millson in [41, Theorem 16.10], all Artin groups are 1-formal. This opens the way for 
approaching Serre's problem for Artin groups via resonance varieties, which, as noted 
above, were described explicitly in [66]. Using these tools, we find out precisely which 
right-angled Artin groups can be realized as fundamental groups of quasi-compact Kahler 
manifolds. 
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Theorem 11.7. Let T = (V, E) be a finite simplicial graph, with associated right-angled 
Artin group Gr- The following are equivalent. 

(i) The group Gr is quasi-Kdhler. 

(ii) Every positive-dimensional irreducible component TZ"' o/7^i(Ug'p) is a p-isotropic 
linear subspace of H^{Gr,C), of dimension at least 2p + 2, for some p = p{a) G 
{0,1}. 

(iii) The graph T is complete multipartite graph. 

(iv) The group Gr is a finite product of finitely generated free groups. 

Proof. For the implication (i) =^ (ii), use the 1-formaHty of Gr and Theorem C. 

The imphcation (ii) ^ (iii) is proved by induction on n = |V|. If F is complete, then 
r is the join of n graphs with one vertex. Otherwise, there is a subset W C V such that 
r(W) is disconnected, and maximal with respect to this property. Write W = W'|JW", 
with both W and W" non-empty and with no edge connecting W to W". Then r(W) = 
r(W')|jr(W"), and so Gr(w) = G'r(w') *G'r(W")- Hence, w'Ur(y\j)w" = 0, for any w' £ W 
and w" € W". We infer from [GG, Lemma 5.2] that 7^l(G^(w)) = C^- 

On the other hand, we know from (11.2) that is a positive-dimensional irreducible 
component of 7^i(Gr). Our hypothesis implies that is either 0-isotropic or 1-isotropic 
with respect to Ur(w)- By Lemma 9.4, Ur(w') = Ur(w") = 0. The cup-product formula 
(11.1) implies that r(W) is a discrete graph. 

If W = V, we are done. Otherwise, V = WyWi, with |Wi| < n. Since r(W) is 
maximally disconnected, this forces {w,wi} € E, for all id G W and wi G Wi. In other 
words, r is the join r(W) * r(Wi); thus, Gr = Gr(vv) ^ G'r(Wi)- By Lemma 9.5, Ur(vVi) 
inherits from Up the isotropicity property. This completes the induction. 

The implication (iii) =^ (iv) follows from the discussion in Example 11.3. 

Finally, the implication (iv) =^ (i) follows by taking products and realizing free groups 
by the complex line with a number of points deleted. □ 

As is well-known, two right-angled Artin groups are isomorphic if and only if the cor- 
responding graphs are isomorphic. Evidently, there are infinitely many graphs which are 
not joins of discrete graphs. Thus, implication (i) =^ (iii) from Theorem 11.7 allows us to 
recover, in sharper form, a result of Kapovich and Millson (Theorem 14.7 from [41]). 

Corollary 11.8. Among right-angled Artin groups Gr, there are infinitely many mutually 
non-isomorphic groups which are not isomorphic to fundamental groups of smooth, quasi- 
projective complex varieties. 

11.9. A Malcev Lie algebra version of Serre's question. Next, we describe a con- 
struction that associates to a labeled graph T = (V, E,i) an ordinary graph, F = (V, E), 
which we call the odd contraction of F. First define Fojd to be the unlabeled graph with 
vertex set V and edge set {e G E | £{e) is odd}. Then define V to be the set of connected 
components of Foddi with two distinct components determining an edge {c, c'} G E if and 
only if there exist vertices v £ c and v' G c' which are connected by an edge in E. 
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Example 11.10. Let F be the complete graph on vertices {1,2, . . . ,n — 1}, with labels 
j}) = 2 if |i — j'l > 1 and = 3 if |i — j\ = 1. The corresponding Artin group 

is the classical braid group on n strings, B^. Since in this case T^dd is connected, the odd 
contraction T is the discrete graph with a single vertex. 

Lemma 11.11. Let T = (V, E,£) be a labeled graph, with odd contraction T = (V, E). 
Then the Malcev Lie algebra of Gt is filtered Lie isomorphic to the Malcev Lie algebra of 

Proof. The Malcev Lie algebra of Gr was computed in [41, Theorem 16.10]. It is the 
quotient of the free Malcev Lie algebra on V, L(V), by the closed Lie ideal generated by 
the differences u — v, for odd-labeled edges {u, v} G E, and by the brackets [u, v], for even- 
labeled edges {u, v} G E. Plainly, this quotient is filtered Lie isomorphic to the quotient 
of L(V) by the closed Lie ideal generated by the brackets [c, c'], for {c, c'} G E, which is 
just the Malcev Lie algebra of Gp. □ 

The Coxeter group associated to a labeled graph F = (V, E, £) is the quotient of the 
Artin group Gr by the normal subgroup generated by {v"^ | f G V}. If the Coxeter group 
Wr is finite, then Gr is quasi-projective. The proof of this assertion, due to Brieskorn 
[10], involves the following steps: Wr acts as a group of reflections in some C""; the action 
is free on the complement Mr of the arrangement of reflecting hyperplanes of Wr, and 
Gr = 7ri(Mr/Wr); finally, the quotient manifold M^/Wr is a complex smooth quasi- 
projective variety. 

It would be interesting to know exactly which (non-right-angled) Artin groups can be 
realized by smooth, quasi-projective complex varieties. We give an answer to this question, 
albeit only at the level of Malcev Lie algebras of the respective groups. 

Corollary 11.12. Let T be a labeled graph, with associated Artin group Gr and odd 
contraction the unlabeled graph F. The following are equivalent. 

(i) The Malcev Lie algebra of Gr is filtered Lie isomorphic to the Malcev Lie algebra 
of a quasi-Kdhler group. 

(ii) The isotropicity property from Theorem 11. 7{u) is satisfied by Ucr- 

(iii) The graph T is a complete multipartite graph. 

(iv) The Malcev Lie algebra of Gr is filtered Lie isomorphic to the Malcev Lie algebra 
of a finite product of finitely generated free groups. 

Proof. By Lemma 11.11, the Malcev Lie algebras of Gr and Gp are filtered isomorphic. 
Hence, the graded Lie algebras gr*(Gr) ® C and gr*(Gp) (8 C are isomorphic. 

From [74], we know that the kernel of the Lie bracket, /\^ gr^(G) (g) C ^ gr^(G) (g) C, is 
equal to im(3G), for any finitely presented group G. It follows that the cup-product maps 
and Ug- are equivalent, in the sense of Definition 6.7. Consequently, Ucr satisfies 
the isotropicity resonance obstruction if and only if Uc- does so. 

With these remarks, the Corollary follows at once from Theorems 11.7 and C. □ 

11.13. Kahler right-angled Artin groups. With our methods, we may easily decide 
which right-angled Artin groups are Kahler groups. 
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Corollary 11.14. For a right-angled Artin group Gy, the following are equivalent. 

(i) The group Gr is Kdhler. 

(ii) The graph T is a complete graph on an even number of vertices. 

(iii) The group Gr is a free ahelian group of even rank. 

Proof. Implications (ii) =^ (iii) (i) are clear. So suppose Gr is a Kahler group. By 
Theorem 11.7, F is a complete multi-partite graph -f^m*' ■ ■*-f^nr; Gr = x • • • xl^n^- 
By Lemma 9.5, and abusing notation slightly, TZi{Gr) = Ui T^ii^Ui)- Now, if there were an 
index i for which nj > 1, then 7^i(F„.) = C"' would be a positive-dimensional, 0-isotropic, 
irreducible component of TZi{Gr), contradicting Corollary 7.3(1). Thus, we must have 
Hi = ■ ■ ■ = Ur = 1, and r = Kr. Moreover, since Gr = Z"^ is a Kahler group, r must be 
even. □ 
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